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Abstract 

Let C be an arrangement of hyperplanes in C , D the ring of algebraic differential operators 
on C^. We define a category of quivers associated with C. A quiver is a collection of vector 
spaces, attached to strata of the arrangement, and suitable linear maps between the spaces . To 
a quiver we assign a -D-module on C^, called a quiver D-module. We describe basic operations 
for .D-modules in terms of linear algebra of quivers. We give an explicit construction of a free 
resolution of a quiver L>-module and use the construction to describe the associated perverse 
sheaf. As an application, we calculate the cohomology of with coefficients in the quiver 
perverse sheaf (under certain assumptions). 
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1. Introduction 

1. It is known that nontrivial homological characteristics of a space can be expressed 
in terms of linear algebra, if the space is an affine space with an arrangement of hyper- 
planes. An example is the description by Arnold, Brieskorn, Orlik and Solomon of the 
cohomology groups of the complement to the arrangement in terms of combinatorics of 
intersections of hyperplanes [Ar[ IBsl [OS] . On the other hand, holonomic D-modules with 
regular singularities and constructible perverse sheaves on algebraic manifolds also admit 
combinatorial description, according to Beilinson, Kashiwara, Malgrange |Bel IK3[ IM] . In 
this paper we combine the two points of view and describe a certain category of holonomic 
.D-modules and associated perverse sheaves, attached to an arrangement of hyperplanes 
in an affine space. 

2. Let C be an arrangement of hyperplanes in a complex affine space X. The inter- 
sections of hyperplanes define in X the structure of a stratified space. The strata and 
their adjacencies are described by the graph T of the arrangement. The vertices a G I(T) 
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correspond to strata X a . If the closure X a of a stratum X a contains a stratum Xp and 
codim -xJXp = 1, then the vertices a and (3 are connected by an edge and we write a y (3. 
To each vertex a G I(T) we attach a nonnegative integer 1(a), equal to the codimension 
of X a in X. 

We assign to the graph V quivers with relations, which form an abelian category Qui?. 
A quiver V G Qmr consists of a collection of finite-dimensional vector spaces V a , a G I(T), 
and linear maps v4 ajj g : Vp — > V Q , a,/3 G I(T), such that 

(a) A a /3 = if a and /3 are not adjacent; 

(b) E^/9A/9, 7 = if |/(a)-/( 7 )| =2 ; 

( c ) S/9 A a ,pAp a = if /(a) = /(7), a ^ 7, and there exists 5 G /(T), adjacent to a 
and 7, such that 1(5) = 1(a) + 1. 

Example 1.1. Let X be C with coordinate z. Let C = {z = 0}. The space X has two 
strata: X$ = {z ^ 0} and X a = {0}. The graph T has two vertices, and a, connected 
by an edge, 1(a) = 1, /(0) = 0. A quiver V G Quir is a collection of two vector spaces, V$ 
and V a , and two linear maps, A% >a : V a — > V$ and A a $ : V$ — > V a . 

Let Dx denote the ring of algebraic differential operators on X and T>x the correspond- 
ing sheaf of rings on X. To a quiver V G Quir we attach a holonomic -D^-module EV. 
This -Dx-module is given by generators and relations. The generators are elements of the 
vector space (B a ei(r)V a . Here V a = Q a <g>V a , and fl a denotes the one-dimensional vector 
space of top exterior forms on X a , invariant with respect to affine translations along X a . 
The relations in EV are: 

(a) for any generator uJ a <g> v a G V a and any vector field £ with constant coefficients, 
which is parallel to X a , the element C,(cJ a (g> v a ) equals to a certain linear combi- 
nation of the vectors Up ® Ap >a (v a ), (3 G I(T), a y (3, 

(b) for any affine function /, vanishing on X a , the element f(uJ a <8> v a ) equals to a 
certain linear combination of the vectors ZJp ® Ap >a (v a ), (3 G I(T), (3 y a, 

see formulas g]25]), (jCTj) . 

Example 1.2. In Example 1.1, the .D^-module EV, assigned to the quiver V = {Vg,!/^, 
^0,a, A*,e)} is generated by vectors dz ® v$ G 1^0, where v® G Vft, and 1 ® f a G V a , 
where w Q G V a . The relations are: 4- (dz <g> ^0) = 1 <g) A^ity) for any f G V@ and 
z (1 (g) t> a ) = dz <g> A0 jQ ,(?; a ) for any u a G V^. 

The assignment V 1— > -EV defines a functor E from the category Quir to the category 
A^x 1 °f holonomic T>x- m odules. We describe a full subcategory in Qmr of non-resonant 
quivers, such that the restriction of E to this subcategory is full and faithful. 

For n = 0,...,N, let X n denote the complement in X to the union of all strata of 
codimension greater than n. This set X n is called the principal open subset. The principal 
subset X° is the complement to the union of hyperplanes of the arrangement. All X n are 
stratified spaces. The adjacency structure of the stratification of X n is described by the 
graph r n , which is a suitable truncation of T. We introduce an abelian category Qui?™ of 
quivers of T n . The quivers of Qui?™ are also called level n quivers. To each level n quiver 
Vr« G Quirn we assign a sheaf of V x 

n - IXIO dules, denoted by E n V V n e M^L 
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Example 1.3. In Example 1.1, we have X° = X = {z ^ 0}, X 1 = X = C, T 1 = T. 
The graph T has one vertex and one edge, which is a loop. A quiver Vpo G Qui^o 
consists of a vector space V$ and a linear map : V® —> V®. The D x o-module E°Vro, 
assigned to this quiver, is generated by the elements dz®v$ e V , subject to the relations 

(cfe®V0) = dz® Al(v ). 

For k < I we have inclusions j/^ : X fc — > X 1 of principal open subsets and related 
functors j* k and ji^,* of inverse and direct images of P-modules. We define quiver inverse 
and direct image functors f lk : Qui r i — > Qui T k and i^,* : Qui r k — » Qui-pi, respectively. 
The functor j* fe is left adjoint to the functor i^*. We have an isomorphism of T> X k- 
modules E k f t fc (VrO ~ jik^O^v 1 ) f° r an y level / quiver Vr*. We construct an isomorphism 
of Px ; - m °dules ji t k,*E k (V T k) and £^,fc,*(Vr*) under certain non- resonance conditions on 
the level fc quiver Vr*. 

Example 1.4- In Examples 1.1 and 1.3, the level zero quiver J* (V), associated to a level 
one quiver V = {V$, V a , A$ >a , A a $}, is {Uq,B$}, where E/jj = V$, and 5j = A^ a A a $. 
The level one quiver Ji,o,*(Vro), associated to a level zero quiver Vpo = {V0,Ajjj}, is 
{Wo, W a , C 0)Q: , C a) 0}, where Wjj = Vfo, W Q = Vg, C 0ja = Idy , C a $ = Aj. The quiver 
Jh,o,*(Vr°) is non-resonant, if any two eigenvalues of the operator A^ do not differ by a 
nonzero integer, and the only possible integer eigenvalue of A^ is zero. 

There is a specialization construction in the theory of 22-modules due to Kashiwara 
|K3j . Let Y be a smooth complex algebraic variety, Z C K a subvariety, T^F — > Z 
the normal bundle. Given a Py-module M and some additional data, the specialization 
construction produces a P-module on the total space TzY of the normal bundle. This 
V TYz -Taodu\e is called the specialization of M to Z and denoted by Spz(M). 

The specialization construction gives a collection of functors between quiver D-modules. 

We consider the case when Y is the afline space X = C N with a central arrangement 
C and M is the quiver D-module EV associated with a quiver V of C. Then it turns out 
that for any closed stratum X a of X, the specialization Spx (EV) is isomorphic to a 
suitable quiver V- module on T-^JX. 

More precisely, we construct an arrangement of hyperplanes C a in Ty 1 and a quiver 
Sp a (V) of the arrangement C a such that the specialization Sp^ (EV) is isomorphic to 
the quiver D-module ESp a (V) associated with the quiver Sp a (V), if the linear maps of 
the initial quiver V satisfy certain non-resonance conditions. 

Example 1.5. In Examples 1.1 and 1.2, we identify the space X with X = C. Then 
the arrangement C a is identified with C, the quiver Sp a (V) is identified with V. Introduce 
the linear operator 

S = A %a A aSs + A a3 A^ a : V 9 © V a -> Vj©K». 

If any two eigenvalues of S do not differ by a nonzero integer and if S has no nonzero 
integer eigenvalues, then the U T — -modules Spx a (EV) and ESp a (V) are isomorphic. 

For any quiver Vr G Qm, we construct a free X^-module resolution TZEVr of the quiver 
Px-module E'Vr- 
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Example 1.6. In Example 1.2, the free Px-module resolution 1ZEV of the quiver T>x- 
module EV is the complex 

-rev : o -> 7e _1 £V 7e°Ev A fv -»• o . 

Here 1Z°EV is the free £>x- m odule 

£>x © F © £> x © F a . 

The term 1Z~ 1 EV is the free X>x- m odule 

£>X © T% © V® © £>x © Fa © Va , 

where T® is the one-dimensional space C • 4-, and F a is the one-dimensional space C • z of 
affine functions, vanishing on X a . The differentials d, v are given by the formulas: 

d(D © — © dz © Ufl) = £) • — © dz © t>0 - £> © 1 © A a Jva) , 
dz dz 

d(D © z © 1 © u a ) = £>-,2©l©-i; a -£>©<i2© A0 )Q! (i; a ) , 

z/(D © 1 © u a ) = £> • (1 © v a ), u(D ®dz®v 9 ) = D ■ (dz © t> ) , 

for any D G D^, ^0 G Vjj, v a G V^,. Here D • (1 © v a ) and -D • (dz © v$) denote the 
application of D to elements of EV. 

The de Rham functor transforms holonomic P^-modules to perverse sheaves [K2llME| . 
see also [B]. The application of the de Rham functor to the complex TZEVr gives an 
explicit description of the associated perverse sheaf QV, as a complex of free Ox-modules. 

Example 1.7. In Example 1.2, the perverse sheaf QV, associated with EV, is given by the 
complex 

QV : -> QV" 1 ^> QV° -> . 

Here 

QV" 1 = © T © F © fi^ n © F Q © F Q , 

and 

QV° = fi^©F © fi^©F a , 

where VL°£ denotes the space of holomorphic one-forms on X. The differential d is given 
by the formulas: 

d(ui © — © dz © v®) = —LieAuj) ®dz®v% — u; © 1 © A^jf?^), 
az dz 

d(u; © -2 © 1 © v a ) = zuj © 1 © v a — oj © dz © A 0ia (v Q ), 
for any c<j G fi^ 1 , v$ G Vq, u a G V a . Here Lie_±{uj) denotes the Lie derivative of uj in the 

dz 

direction of the vector field 4-. 

dz 

Let A x : M h x ° l -> M^ 1 and A x o : .M^o -> be the duality functors on holo- 

nomic P-modules \K1\ [KKj, see also |K4| IB] . For any k = 0, l...,N, we define an anti- 
automorphism r k of the category Qui V k. We establish an isomorphism A x o(-E ,cl (Vro)) ~ 
F°(r (Vro)) of Px°- m odules for any level zero quiver Vpo and an isomorphism A x (E(Vr)) 
~ F(rjv(Vr)) of Px-modules for any level N quiver Vr- 
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Example 1.8. In Example 1.3, for any level zero quiver Vpo = {VJj,/^}, the quiver r Vro 
is {Uq, B®}, where U% = V * is the dual space and B® = (Aq) is the transpose operator. 

In the theory of D-modules, there are two functors of direct image, '■ M'xl — > -M^?/, 
and ji jk> * : M^l — > M^l, associated to the inclusion : X k — > X 1 , k < I. In addition 
to the functor j^,* : Qui r k — > Qui r i, we introduce the second functor of quiver direct 
image j^^t : Qui T k — > Qui r i, and construct an isomorphisms of T>x modules jjv.oiVr an d 
TN$N,o,*TbVr° for a non-resonant quiver jjv.o.iVro. 

Example 1.9. In Example 1.3, for any level zero quiver Vpo = {V^A®}, the quiver 
Ji A !(Vro), is {WJ, W' a , C 0>Q) C'^}, where W' % = V,, W' a = V m C' a % = Idy„ = A*. 
It is non-resonant if and only if the quiver Jio,*(Vr°) is non-resonant. 

Let zi, ...,z N be linear coordinates on X = C N and £i, ...,£jv the dual coordinates on 
the dual space X*. The assignment & i— > — , ^ i— ► z\ for z = 1, . . . , N, defines 
an isomorphism of the rings Dx* and Dx called the Fourier transform. The Fourier 
transform defines a functor from the category A4x to the category Aix*- 

We consider a central arrangement C of hyperplanes in X, a quiver V of C and the 
associated quiver P^-module EV. We describe the Fourier transform of EV. It turns out 
that the Fourier transform of EV is the quiver T> x*-modv\e associated with a suitable 
arrangment in X*. 

Example 1.10. In Example 1.1, the space X* has two strata: X^ = {£ = 0} and 
= {£ 7^ 0}- The Fourier transform of the Px- m odule EV from Example 1.2 is 
generated by vectors 1 ® v% where v% G Vj), and d£ ® f a , where v a £ V a . The relations 
are: £ (1 <8> tty) = — d£ <g> A^^) for any G V© and 4 (d£ ® v a ) = 1 <g> A0 )O ,(u a ) for any 
w a G V a . 

In the theory of perverse sheaves there is a notion of the MacPherson extension |BBD , 
IGMcj . In our situation it is a morphism from the category of perverse sheaves on X° to 
the category of perverse sheaves on X. A perverse sheaf on X° is a local system on X°. 
Thus the MacPherson extension is an extension of a local system on X° to a suitable 
perverse sheaf on X. 

The MacPherson extension of perverse sheaves corresponds to a morphism j'at.o,!* : 
Adjfo — > Mx° l °f holonomic P-modules. The morphism jN,o,\* can be defined in two 
steps. First, one defines a morphism : jN,o,\(M) —>■ jN,o,*(M) for any £>x-module M 
and then one defines jN,o,\*(M) as the image of jx,o,\(M) in jN,o,*(M) under the morphism 

Sq Z3 ' ) . The MacPherson extension of the perverse sheaf associated to the Dx°- m odule M, 
is the perverse sheaf, associated to the "D^-module jN,o,\*(M). 

In this paper we construct a morphism s : Jtv,o,! — * Jv,o,* of functors of quiver cat- 
egories. We introduce the quiver MacPherson extension of a level zero quiver Vro as 
the image of J7v,o,!(Vr ) under the map s . We prove that for a non-resonant level zero 
quiver Vr , the D^-module morphisms Esq : #Jjv,o,i(Vr ) ~ > E$N,o,*(Vr ) an d Sq D ^E° : 
jAr,o,!(-E' Vr ) — >■ jN,o,*(E°Vr ) are equal under the identifications of jo,N,i(E°Vro) with 
^(jo.jvjVro), and jo,N,*(E°Vro) with ^(jo,jv,*Vro), mentioned above. Thus we have the 
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isomorphism of Dx-modules: jjsr,o,\*(EVr ) ~ -E'JAr,o,!*(Vr ), which relates the geometric 
and quiver MacPherson extensions. 

Example 1.11. In Examples 1.4 and 1.9, the morphism so of the level one quiver Ji^jVpo 
to the level one quiver Ji,o,*Vro is the collection of two linear maps, (so)© : WL — > W® and 
(s ) a '■ W a — > W a . They are (s o )0 = Idv 9 , and (s ) Q = A§. The level one quiver Ji )0) i* Vro 
is {W^W^C^C'^}, where W{ = V 9 , W£ = ImAj C V a , C"^ = A\, and C'^ is the 
inclusion of ImAj to V%. 

As an application of quiver constructions, we calculate the cohomology groups of X 
(and X°) with coefficients in a quiver perverse sheaf if the arrangement C is central and all 
linear maps of the quiver are close to zero. Namely, for a quiver V = {V a , A a ^} e Quir, 
we construct a finite-dimensional complex in terms of the spaces V a and linear maps A a ^ 
and show that this complex calculates the cohomology groups of X with coefficients in 
the quiver perverse sheaf associated with V. 

Example 1.12. In Examples 1.1 and 1.2, consider the perverse sheaf QV on X, associated 
with the Px-module EV. If the operators A a $ and Aq^ are close to zero, then the 
cohomology groups of X with coefficients in the perverse sheaf QV are calculated by the 
complex 

- H A A V a - , 
where degV© = —1, and degV^ = 0. 

Example 1.13. In Example 1.3, consider the perverse sheaf Q°V° on X°, associated with 
the "Dx°- m °dule E°Vro. If the operator A^ is close to zero, then the cohomology groups 
of X° with coefficients in <2°V°, are calculated by the complex 

A 

-> V0 -4 V 9 -> . 

Example 1.14- 111 Example 1.11, consider the perverse sheaf <2°V° on X°. If the operator 
is close to zero, then the cohomology groups of X with coefficients in the MacPherson 
extension of Q°V° are calculated by the complex 

A 9 

y -4 ImAg -> . 

3. All results of the paper admit an equivariant extension to the case when the ar- 
rangement C admits a finite symmetry group. 

As an application of equivariant constructions, we consider in Section IfTBl the discrim- 
inantal arrangements and one-dimensional local systems appearing in hypergeometric 
solutions of the KZ equations [SV] . We calculate the equivariant intersection cohomology 
groups of the discriminantal arrangements and formulate the result in terms of repre- 
sentation theory in Corollary 16. Ill The statement of Corollary 16.111 is one of the main 
motivations of this paper. 

4. In some of the statements of the paper we impose two types of non-resonance 
conditions on a quiver Vr = {V a ,A a> p}. For every vertex a G T, we construct a finite 
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collection of auxiliary linear operators of the form ^ A aj pAp >a : V a — > V a with suitable 
range of summation over (3. In the first type of non-resonance conditions, we require 
that the auxiliary operators have no eigenvalues which differ by an integer (the weak 
non-resonance condition). In the second type of non-resonance conditions, we require 
that the auxiliary operators have no eigenvalues which differ by an integer and zero is 
the only admissible integer eigenvalue (the non-resonance condition). The importance of 
non-resonance conditions is illustrated in the Example 1.13 below. 

Example 1.13. Under conditions of Example 1.3, let Vpo = {V%, A^} and Wpo = {W<d, B®} 
be two level zero quivers and E°Vro and E°Wro the associated _Dx°- m odules. Assume 
that G C C is a subset, such that x — y Z \ {0} for all x, y G G. Assume that 
eigenvalues of A^ and B® belong to G. Under these assumptions we will construct an 
isomorphism of vector spaces Horno (E°Vro , E°Wro) and HomQ U j (Vro, Wr°)- Indeed, 
let $ : E°Vro — > E°Wro be a morphism of Dx°- m °dules. The morphism $ is uniquely 
determined by its restriction <p = <E>|y to the space V % C E°Vro. The map cp is a regular 
rational function on X° with values in Horn (V$, W®). Write its Laurent series, 

<p = (1 ® <p k )z k + (1 ® <p k +i)z k+1 + ■ • ■ , 

where ipi : V© — > W% are linear maps and (p k ^ 0. The condition [$, 4A — implies 
<PkAQ = (Bq + k)ipk- Since all eigenvalues of A^ and B% are in G, we conclude that k — 0. 
The leading term <^o is a morphism of quivers, Vpo — > Wpo. Let E°(ipo) : i?°Vro — > i?°Wro 
be the Dx°- m °dule morphism associated with <^ - The restriction of E°(tp ) to U0 is 1®<^o- 
The leading term ^ of the D x o-Taodu\e morphism $ = $ — E°(ipo) has k > 0. Hence 
I = and $ = E°(<p Q ). 

5. In the theory of arrangements, two complexes play an important role. The first is 
the Aomoto complex [A] on the space of the Or lik- Solomon algebra and the second is the 
flag complex on the dual space to the Orlik- Solomon algebra [SVj . The Shapovalov form 
of |SVj defines a morphism of the flag complex to the Aomoto complex. The image of 
the Shapovalov form is called the complex of flag forms. The cohomology groups of the 
flag complex give the cohomology groups of X° with compact support. The cohomology 
groups of the Aomoto complex give the cohomology groups of X° with coefficients in a 
suitable local system on X°. An important problem is to give a topological meaning to 
the complex of flag forms. 

The main quiver constructions of this paper are the constructions of the two quiver 
direct images Jjv,o,* an d Jjv.o,!- The constructions of Jjv,o,* an d Jat,o,! are respective general- 
izations of the constructions of the Aomoto complex and the flag complex. The morphism 
of functors s : Jtv.o,! "~ y $N,o,* is a generalization of the Shapovalov morphism of the flag 
complex to the Aomoto complex, see Section [3TB1 The quiver MacPherson extension Jjv,o,i* 
is a generalization of the complex of flag forms in |SVj . 

From this point of view, our calculation of the cohomology groups of X with coefficients 
in the MacPherson extension of a quiver perverse sheaf on X° gives a topological meaning 
to the complex of flag forms. 

To find a topological meaning of the complex of flag forms was one of the main goals 
of this paper. 
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6. The plan of the paper is as follows. In Section 2 we introduce graphs and stratified 
spaces, associated with an arrangement of hyperplanes. In Section 3 we study quivers, 
assigned to the arrangement, and operations on quivers. Section 4 is devoted to quiver 
©-modules. In Section 5 we describe perverse sheaves related to quiver D-modules and 
calculate the cohomology groups of the affine space with coefficients in these sheaves. In 
Section 6 we study the equivariant version of quiver constructions. All proofs are collected 
in Section 7. 
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2. Arrangements 

2.1. Graph of an arrangement. Let C = {Hj}, j G J{C), be an arrangement of finitely 
many hyperplanes in the complex affine space X = C N . Hyperplanes Hj define in X the 
structure of a stratified space which we denote by the same letter X or by X c . The closure 
of a stratum X a C is the intersection of some hyperplanes Hj, j G J a C J(C), and 
the stratum X a itself is the complement in X a to the union of the closures of all smaller 
strata contained in X a : 

X a = P| Hj, X a = X a \ ( Xp) . 

We denote by X% the complement to the union of all hyperplanes Hj which is the unique 
stratum of X open in X. 

The combinatorial structure of the adjacency of strata can be described by a non- 
oriented graph T = T(C). The vertices a G I(T) of the graph are in one-to-one cor- 
respondence with the strata X a of X. The edges (a, (3) G E(T) describe adjacency in 
codimension one: 

(a,P)EE(T)^l^ D ^ coding Z, = l, or 



A/3 D X a , co dim Y& X C 



Two vertices a and (3 will be called adjacent, if G E{T). 

To any vertex a we attach a nonnegative integer 1(a), 

1(a) = codim C ivX ft . 

We write a y [3 for vertices a, (3 if (a, (3) is an edge and 1(a) < l((3). In other words, 

a y {3 -O- X a D X/3 , codim ^ Xp = 1 . 
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We set 

{1 if a >- (3, 
-1 if p>- a, 
otherwise. 

For an integer n > denote by I n (F) C 1(F) the subset of all vertices a such that 
1(a) = n. We have I (T) = 0, h(F) = J(C). 

We write a > (3 for a, (3 G /(T) if there exists a chain cci >- a 2 >*- ••• >*- «n with «i = ct 
and a n = (3. We write a > b if a > (3 or ct = (3. Clearly, 

a> (3 <^> ~X a D ~Xp. 

The labeled graph T = {1(F), E(F), I : I(T) — > Z> } has the following properties. 

(i) There exists the unique vertex e /(T) such that Z(0) =0 and > /3 for any 
13 e 1(F); 

(ii) If (a, /3) e E(T), then |Z(a) - l{(3)\ = 1; 

(iii) For any a,j3 G -^(r) the set A(a,/3) = {76 /(r) : ct > 7, /3 > 7} is either 
empty or has the unique element 7 maximal with respect to the partial order >. 
Moreover, we have l(j) < 1(a) + 1((3). This element is called the intersection of a 
and f3 and denoted a A (3. 

(iv) For any a, (3 e /(r) with non-empty A(a,/3), denote U(a,(3) = {5 G /(r) : <5 > 
a, 5 > /?}. Then for any 5 G E/"(a,/3) we have 1(5) < 1(a) + l((3) - l(a A 
Moreover, if there is 5 G U(a,(3) such that Z(5) = 1(a) + /(/?) — l(a A then <5 is 
the unique minimal element of U(a,(3) with respect to the partial order >. 

One can see that if (3 A 7 and a A ((3 A 7) are defined, then a /\ (3 and (a A (3) A 7 are 
defined, and a A (/3 A 7) = (a A /?) A 7. 

Any labeled graph with properties (i-iv) will be called admissible. 

2.2. Framings of an arrangement. Let C C be an arrangement. To each stratum 
X a C X c we attach certain spaces of affine functions, constant vector fields, and the top 
exterior forms on X a with constant coefficients. 
Denote by F the space of affine functions on C^, 

N 

f G F / = a + ^2 a i z ii a i e C ' 

1=1 

where zi, . . . , zn are affine coordinates on C N . 

Denote by T the space of vector fields £ on with constant coefficients, 

£GT & £ = J2bi-^, heC. 

For a stratum X a denote by F a C F the subspace of all functions vanishing on X a and 
by T a C T the subspace of all vector fields parallel to X a , that is, £ G T a if (£, /) = 
for any f E F a . Here (£, /) = ^(rf/) denotes the substitution of the vector field £ to the 
differential form df. 

A function / G F a is called generic, if for any stratum the intersection 

{f = o}nXp 
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has the minimal possible dimension among all / e F a . 
Denote by T a the A^-dimensional complex vector space, 

T a T a © F a . 

Let X a and Xp be strata, such that X a D Xp. Then there are tautological inclusions 
(2-1) (j,p >a : F a ^ Fp , JI a p : Tp <^-> T a , 

We denote 

p p p p 

/\Tp^/\T a , p>0, 

the induced inclusions. 

For a y P and f E Fp , introduce the linear maps 

^ a : A T « - XV * -> MS- 

Here is the substitution of df to the p- vector £ E f\ p T a with the result considered 

as a (p — l)-vector in f\ p 1 Tp . More precisely, if £ = £i A ... A £ p and £2, • • • , £p £ ^3 , 
then 

(2.2) if*(f) = (6,/)6A...A£ p . 
For a y (3 and (6T„ introduce the linear map 

^ : A^ - A F « > /->W5- 
More precisely, if / = /1 A ... A / p with / 2 , . . . , / p e F a , then 

(2.3) ^(/) = (£,/i)/ 2 A...A/ p . 

Denote by f2 P the complex vector space of holomorphic exterior p-forms on C^, invariant 

P 

with respect to affine translations. Each form in f2 is a linear combination of the forms 
dfx A ... A df p with f u ...,f p EF_ 

For a stratum X a , denote by f2 Q the one-dimensional vector space of the top exterior 
holomorphic forms on X a invariant with respect to translations along X a . The space Q a is 

JV— 1(a) 

isomorphic to the quotient of the space Q over the subspace generated by the forms 
df 1 A ... A rf/jv_/( a ), where /1, . . . , /jv-j(a) £ ^ an d at least one of them belongs to F Q . 

It is technically convenient to fix a vector space structure on C N and fix a non- 
degenerate bilinear form ( , ) in this vector space C N . In this setting to each stratum 
X a we also attach the following spaces T' a and F' a . 

The space T' a consists of constant vector fields orthogonal to T a . Let z 1: z N be linear 
coordinates in with respect to an orthonormal basis. Let £' = ^h-^ be a constant 
vector field. Then £' belongs to T£ , if 61 ai + ... + b N a^ = for any £ = X] a «^" £ T a . 
The space consists of all linear functions f — ^2 CiZi, which are annihilated by vector 
fields in T' a , i.e. (£', f) = for any £' G T' . 

We use two types of framings of the arrangement C: edge framings and vertex framings. 
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An edge framing is a choice for any edge (a, (3) G E(T), 1(a) + 1 = of a function 
f/3, a £ Fp \ F a and a vector field £ a;J g 6 T a \ Tp. For any edge (a, (3) G -E(r), the edge 
framing determines the linear map TTp >a : £l a — > Qp , such that for uJ a G fi Q and oJp G f2g 
we have 

/ 24 x np >a (u a )=up <^> dfp, a Aup = U a , if a >- /3, 

ni3, a (v a )=u l 3 ^ *fe, B N=a) ai if /3 >- a. 

.A vertex framing of C is a choice of a function / a G F Q for any stratum X Q . A vertex 
framing T is called generic if for any a G /(r) the function f a is generic. 

For a nonnegative integer n, a level n vertex framing is a choice of a function / a G F a 
for any a G J n+ i(r). It is generic if every chosen f a is generic. 



2.3. Principal open subsets X n . For a nonnegative integer n and an arrangement C, 
define the open subset X n C X as the complement to the closure of the union of all 
codimension n + 1 strata: 

x n = C N \ |J X Q . 

a, /(o)=n+l 

We call X n the principal level n open subset of X. In particular, X° coincides with Xg,, 
the open stratum in X, and X N = X. The sets X n determine a filtration of X: 

X° C X 1 C ... C X N = X , 

For /c < I denote by ji,k the inclusion 

j ltk : X fc ^ X 1 . 

We have jfc 3 fc x = jk 3 k 2 jk 2 fci f° r k\ < k 2 < k 3 and we use the notation j for the inclusion 
./.v, 1 :.V"--'.V .V v . 

Each level n vertex framing T n = {f a \ a G J n+ i(r)} determines an open subset 

Ujr n GX n , 

(2-5) U Tn =X\ |J {J a = 0}. 

The open subsets Ujr n for different choices of framings T n form a cover of the space X n 
by open affine subsets. 

2.4. Truncated graphs. The sets X n are stratified spaces; their strata are the strata 
X a of X with 1(a) < n. We define the graph (with loops) of the stratified space X n as 
follows. The vertices of this graph r ra are the vertices a G I(T) such that 1(a) < n. The 
edges (a, j3) G E(T n ), which are not loops, coincide with the edges (a, (3) of T, connecting 
the vertices of T n . For any pair a >~ (3 with 1(a) = n, the graph T n has a loop at the 
vertex a, which we denote by (a, a) 13 . 

The graph T n will be called the truncated graph at level n associated to the admissible 
graph T. 

Examples. The graph T has one vertex and \J(C)\ loops. Every loop corresponds to a 
hyperplane of the initial arrangement C. The graph T N coincides with T. 
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2.5. Orlik-Solomon algebra and flag complex. Here we recall the construction of 
the Orlik-Solomon algebra and the flag complex of an arrangement, see |SVj . For an 
arrangement C in C N define the complex vector spaces A P (C), p = 0, . . . , N. For p = 
set A P {C) = C. For p > 1 the vector space A P {C) is generated by symbols (Hj 1 , ...,Hj p ), 
where Hj k G C, such that 

(i) 

(H h , ...,H jp ) = 

if Hj l ,...,Hj p are not in general position, that is if their intersection Hj 1 fl ... D Hj 
is empty or its codimension is less than p\ 

(ii) 

(#MD> -) H M P) ) = s S n (°) • ( H 3i> -> 
for any permutation a G S^; 

(iii) 

p+i 

(2.6) ^(-l) fc (^ 1 ,...,S,-,^ P+1 ) = 

fc=i 

for any (p + l)-tuple Hj 1 , ...,Hj p+1 of hyperplanes in C which are not in general 
position and such that Hj 1 fl ... fl Hj +1 ^ 0. 

N 

The direct sum A(C) = © A P (C) is a differential graded skew commutative algebra 

p=i 

with respect to multiplication 

(Hj 1 , Hj p ) ■ [Hj p+1 , Hj p+q ) = [Hj 1 , Hj p , Hj p+1 , Hj p+q ) 

and the differential £4: ^ P (C) -> ^ P_1 (C), 

p 

(2.7) ri, : (H h ,...,H jp ) » ^(-l)*" 1 ^,...,^,...,^). 

/c=0 

The algebra is called i/ie Orlik-Solomon algebra of the arrangement C 

The Orlik-Solomon algebra is determined by the admissible graph T only. For an ad- 
missible graph T, its Orlik-Solomon algebra ^4(r) can be defined as the algebra generated 
by the skew-symmetric symbols (Hj i: Hj k ), where jk G A(r). We set (Hj 1 , Hj p ) = 
if Hj 1 , Hj k are not in general position, and Hj lf Hj h are not in general position if 
the vertex ji A ... A jk does not exist or its codimension is less than k. Relation (12. 6p 
has to take place for any (p + l)-tuple of vertices ji G h(T) for which the intersection 
ji A ... A j p+ i exists and its codimension is less than p + 1. 

For a G I(T), a flag starting at X a is a sequence 

X ao D ... D X ap = X a 

of closed strata such that codim c N ^a k = j for j = 0, . . . ,p. 

For a G I(T), we define T a to be the complex vector space with basis vectors F a0j _ j(Xp=a 
labeled by the elements of the set of all flags starting at X a . 
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Define T a as the quotient of T a over the subspace generated by the elements 

(2-8) Fa ,...,a k _ 1 ,P,a k+1 ,...,a p =a > 

/3, a fe _i^/3^a fc+ i 

where /c = 1, ...,p— 1 and X Qo D ... D X afc _ 1 D D ... D X ap = X a is any 

incomplete flag with l(aj) = j. 

Denote by -F a0v .. jCfp the image in T a of the basis vector F ao .. jQ . Set 

The direct sum 

AT 

is a complex with respect to the differential 

(2.9) d T : F>{C) -> ^ +1 (C), F Q0) ..., ap - (-1)^ £ ^oo,...,^! • 

The complex g?jf) is called the flag complex of the arrangement C. 

As well as the Orlik-Solomon algebra, it is determined by the graph T = T(C) only and 
will be denoted in this context by (jF*(r), dp). 

The vector spaces A P [C) and T V [C) are dual [SV]. The pairing A P (C) © T P {C) -> C is 
defined as follows. For ff^, ^ in general position, set 

F{Hj 1 , Hj p ) = Fa ,a-L,...,a p 

where 

A ao = c^, x ai = H^, x a2 = Hj 1 n Hj 2 , ... , x ap = Hj 1 n iij 2 n ... n 

Then set 

((^ 1 ,...,^ p ),F) = sign(a) , 
if F = F(H jam , H ja{v) ) for some a G S p , and 

((^ 1 ,...,^ p ),F) = 

otherwise. 

The differentials 5 a and g^f are adjoint with respect to this duality and the map dual to 
the multiplication map in A(C) turns T{C) into a skew cocommutative differential graded 
coalgebra. 

Let a : C — > C be a map which assigns to each hyperplane H a complex number a(i7) 
called the exponent of the hyperplane. Set 

00(a) = <H)H e A\C) . 

Hec 

The multiplication by uj(a) defines a differential 

d a : A P [C) -> ^ P+1 (C), x ^ w(o)-x, 

in the vector space of the Orlik-Solomon algebra A{C). The complex (A'(C), d a ) is called 
the Aomoto complex. 
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The collection of exponents determines the Shapovalov map 

S a : T{C) - A(C) , 

Fa Q ,at,...,a p ^ ^ a {H h )a(H j2 ) ... a(H jp ) (H h , . . . ,H jp ) , 
where the sum is taken over all p-tuples {Hj 1 , Hj ) such that 

H jl D X ai , . . . , Hj p D X ap . 

The image S a (F o , 0tO , lt ___ t(Xp ) G A p of a flag Fa Q)ai ,...,cB P is called a flag form. 

According to |SV] . the map S a is a morphism of the complex (JF*(C), d^) to the complex 
(A'(C), al a ). The image of the flag complex in the Aomoto complex is called the complex 
of flag forms of C. We denote it by (J-" a (C), d a ). 

Identifying A(C) with JF*(C), we can consider the map S a as a bilinear form on the 
vector space ^(C). The bilinear form is symmetric and called the Shapovalov form. 



3. Quivers 

3.1. Quivers of an admissible graph. Let T = {I(Y), E(Y), I : I(Y) — > Z> } be an 
admissible graph. 

A quiver Vr = { V a , A*,/?} of T is a collection of finite dimensional complex vector spaces 
V a , a G I(Y), and a collection of linear maps A a ^ : Vp — > V a , a, (3 G /(T), such that 

(a) A Q ^ = if a and /3 are not adjacent; 

(b) E^a,/3^ l7 = if |/(a)-Z( 7 )| =2 ; 

( c ) A a fiAp n = if /(a) = Z( 7 ), a 7^ 7, and there exists 5 G I(Y), such that 
a >- 5, 7 >- 5 . 

The possibly nonzero operators A a ^ of a quiver Vr correspond to oriented edges of the 
graph T. There may be only one or two summands in the left hand side of any relation 
of type (c) due to properties (iii) and (iv) of Y in Section 12.11 

Let {V a ,A a> p}, {V^, A' a p\ be two quivers of Y. A morphism of quivers is a collection 
of maps {f a : V a — » V^} such that f a A a ^ = A' a/3 fp for all a, (3. 

Denote by Qui? the category of all quivers of Y. 

A quiver can be considered as a module over the path algebra B-p- 

The path algebra of Y is the associative algebra Bp with unit, generated by two sets of 
generators i a , a G I(Y), and a a< p, where (a, (3) runs through the set of pairs of adjacent 
vertices of Y. The generators are subject to the relations: 

(i) i a = i a for all a; 

(ii) i a ip = for all a 7^ f3\ 

(iii) = 1; 

(iv) Let 8p n be the Kronecker symbol, then a^pi-y = Sp^a^p, and i^a^p = S lta a at p 
for all a, (3, 7. 

( v ) ^2p a a,p a p,~f = for all a, 7 with \l(a) — = 2; 

( v J2p a a,f3 a i3,-y = f° r & U a i 1 1 sucri that a 7^ 7, /(a) = Z( 7 ), and there exists 5 such 
that a y 5, 7 >- 5. 
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A quiver in Quir has a natural structure of a Sr-module. The category Quir is equiv- 
alent to the category of finite-dimensional -Bp-modules. 

For a, (3 G let e(/3, a) be defined as in Section [27TI 

Let Vr = {V a ,A a ^} be a quiver of T. Then the collection Wr = {W a , B a ^}, where 
W a = V* and B a j3 = e(/3,a) A% a : Wp — > M^q, determines a quiver t(Vf), which we 
call the dual quiver. The assignment Vr i— > 7~(Vr) determines an anti-automorphism of 
the category Quir of the fourth order. Moreover, for any quiver Vr the quiver r 2 (Vr) is 
isomorphic to Vr- The isomorphism <fi : Vr — » T 2 (Vr) is given by the relation <j)(v a ) = 
(-l) l{a) v a . 

The linear maps A a ^ of a quiver Vr can be collected into two differentials, acting in 
the total space of the quiver, C(Vr) = ® a ei<r)V a . Namely, let 

(3.1) C k (V r ) = © V a , C(V r ) = ©C fc (V r ) • 

a, l(a)=k k 

For v € V a , set 

(3.2) d(u) = ' and = Yl A A» ■ 

P, ay/3 P, I3^a 

We have 

d(C fc (Vr)) C C fc+1 (V r ), d 2 = 0, 

<9(C fe (V r )) C C fc _!(V r )), d 2 = 0. 

Denote the complex (C(V r ),d) by C+(V r ) and the complex (C(V r ),d) by C_(V r ). 
For a vertex /3 and an edge (a, denote by the operator 

(3.3) = Ap j0l A a> p : V£ - V£ . 

Let 0/3(Vr) be the C-algebra of endomorphisms of Vp, generated by operators where 
a runs through the set of all vertices adjacent to (3. We call OpiVr) the local algebra of 
the quiver at the vertex (3. 

To a vertex f3, (3 ^ 0, we attach three operators 5/3, TJg and Tp, 

(3.4) S> = £ A% : ^ - ^ , 

a, ofi~P 

(3.5) r r VV Aa , : © V Q -> © V a , 

a, a' 

where the summation is over all a, a' such that a >- /3, a' y /3 and 

(3.6) 2> = V A^A^ : © V Q -> © V a , 

— , _ a, a>-/3 a, ay(3 

a,a,o 

where the summation is over all a, a', S such that a y (3, a' y (3, and 5 y a, 5 y a'. 
For a vertex /3, l{(3) ^ N, we set 

(3.7) Sp = A 1 ■■ Vp ^Vp. 

a, f3ya 
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We also set S$ — : V$ — > Vq and Sp = 0: Vp — > Vg, if = iV. We define the operator 
S : ®aei(r)Va —> ®a e i(r)V a as 

(3.8) S = ( S » + $0 = E • 

ae/(r) a,y9eJ(T) 



Proposition 3.1. 

(i) T/ie operator Sp is a central element in the local algebra Op(V). 

(ii) ylny nonzero eigenvalue of Tp is equal to an eigenvalue of the operator 
S a + A@ for some a, a y [3. 

(iii) Any nonzero eigenvalue ofTp is equal to an eigenvalue of the operator 
S a + A@ for some a, a y (3. 

Proposition 3.2. Let C be a central arrangement (that is, all hyperplanes of C 
contain £ C N ). Then 

(i) The operator Sp is a central element in the local algebra Op(V). 

(ii) For any a, (3 £ I(T), we have 

(3.9) (S a + S a )A a ,p = A a ,p(Sp + Sp) . 

In particular, the element S , defined in A3. 8\) . is central in the path algebra By- 
Propositions 13.11 and 13.21 are proved in Section [3 

A subset G C C is called non-resonant if it satisfies the following two conditions: 

(i) The intersection G H Z is either {0} or empty. 

(ii) For any x, y in G, we have x — y £ C \ Z. 

A subset G C C is called weakly non-resonant if it satisfies condition (ii). 

Suppose that for every vertex (3 £ I(T), [3 ^ 0, a non-resonant subset Gp C C is chosen. 
Denote by Quir^Gp} the category of all quivers {V a , A a p} £ Quir such that 

(a) for any f3 £ (3 ^ 0, the eigenvalues of the operator Tp belong to Gp, 

(b) for any f3 £ I(T),(3 ^ 0, none of the eigenvalues of the operator Tp is a positive 
integer. 

Suppose we have 

a non-resonant subset Gp C C for every vertex (3 £ I(T), (3 ^ 0, 

a weakly non-resonant set Gp for every vertex (3 £ I(T), 

a weakly non-resonant subset G a> p for any edge (at, 0) £ E(T), ay [3. 

Denote by Qui T ^ G ^ the subcategory of all quivers {V a , A a p\ £ Quir, such that 

(a) for any (3 £ I(Y), (3 ^ 0, the eigenvalues of the operator belong to Gp and 

(c) for any (3 £ /(r), the eigenvalues of the operator Sp belong to Gp and 

(d) for any edge (ot,f3) £ E{Y), a y (3, the eigenvalues of the operator A@ belong to 
G a} p- 
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The categories Qui T ^ G G/3 Ga y and Qui r ^ G/3 y are full abelian subcategories of the cat- 
egory Qui?- The categories Qui T ^ G G/3 G y and Qui r> { Gfj y are closed under extensions. 

We call a quiver non-resonant if it belongs to the subcategory Q%,{G^} f° r some 
collection {Gp}. We call a quiver strongly non-resonant if it belongs to the subcategory 
Q ui T,{G p ,G ,G a , g } for some collections {Gyj}, {Gp}, and {G Qj/ g}. 



3.2. Quivers of level n. Suppose that Y is an admissible graph, n G {0, . . . , A/"}, and Y n 
is the corresponding truncated graph. 

A quiver Vr« of Y n (or a level n quiver) consists of a collection of finite dimensional 
vector spaces V a , a G /(T n ), a collection of linear maps A a ^ : Vp — > V a , a,j3 £ -^(T"), 
and a collection of linear maps A@ : V a — ► V^, labeled by loops (a,a)^ G _E(r n ). The 
operators are subject to the following relations: 

(i) A a) p = if a,/3 are not adjacent in Y; 

(ii) E/3 G /(r«) 4*,/?4a i7 = if - ; (7)l = 2; 

(hi) ^2p e i(rn\ A a ^Ap n = if Z(a) = £(7), a 7^ 7, and there exists 5 G /(r n ), such that 

a y 5, 7 >- 5 ; 
(iv) If /(a) = n and 5 >- a y (3 in r n+1 , then 



A^,A 



a. 8 



As, a A^ 




where the summation is over 7 G I(Y n ) such that 7^0, 5^7^/3. 
(v) If /(a) = n and a >- (3 y 7 in T n+2 , then 







where the summation is over 5 G /(r n ), a y 5 y 7. 

A morphism of two level n quivers is defined in the standard way. 

The level n quivers of r ra form an abelian category denoted by Qui?™ ■ It is equivalent 
to the category of finite-dimensional modules over the suitable path algebra. 

Note that the structure of the defining relations (i-v) for a level n quiver is completely 
determined by the adjacency matrix of the level n + 2 truncated graph Y n+2 . 

For a, /3 G I{Y), let e(j3,a) be defined as in Section [2TT1 

Let Vr" = {V a , A a ,p, A^} be a level n quiver. Then the collection W r ™ = {W a , B a> p, B%}, 
where W a = V*, B a ' p = e((3, a)A% a : Wp -> W a , B^ = - (AQ* : W a -> W a , determines 
a level n quiver r n (Vr«) called the dual quiver. The assignment Vr« 1— > Tn(Vr„) determines 
an anti-automorphism of the category Qui?™ of the fourth order, such that for any level n 
quiver Vr« the quiver r 2 (Vr") is isomorphic to Vr«. The isomorphism : Vr^ — > r 2 (Vr^) 
is given by the relation <f>(v a ) = (— l) l ( a 'v a . 
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For a vertex (3 and an edge (a, (3) of T n , denote by the operator 

A% = Ap, a A a ,p : Vp -»• Vp . 
For a quiver Vp™ of level n and /3 G /(r n ), (3 7^ 0, define the monodromy operators 

by formulas (13.51) and (13.61) and for any (3 G I{T n ) define the operator 

S p : Vp - Vp , 

by formula ( 13. 7(1 . 

Suppose that for every vertex /3 G /(T n ), /3 7^ 0, a non- resonant subset C C is 
chosen. Denote by Qwr»,{c?a} the category of all quivers {V a , A a> p, A@} G Qui?™ such 
that 

(a) for any (3 G /(T n ), /3 7^ 0, the eigenvalues of the operator Tp belong to Gp, 

(b) for any (3 G I(T n ), (3 7^ 0, none of the eigenvalues of the operator Tp is a positive 
integer. 

Suppose we have 

a non-resonant subset Gp C C for every vertex (3 G /(r n ), /? 7^ 0, 
a weakly non- resonant set Gg for every vertex f3 G /(r n ), 

a weakly non-resonant subset G a ,p for every edge (a, /3) G _E(r n ), a y (3, and loop 
(a,a) /3 ofr n . 

Denote by Qui r „ ^ G/3 G G y the subcategory of all quivers {V a , A a< p, A@} G Quir^, such 
that 

(a) for any /3 G /(T n ), (3 7^ 0, the eigenvalues of the operator X3 belong to Gp, 

(c) for any (3 G /(T n ), the eigenvalues of the operator Sp belong to Gp and 

(d) for any edge (a,/?) G -E(T n ), a y (3, and loop (a, a) 13 the eigenvalues of the 
operator A@ belong to G a ^p. 

The categories Qui r „ ^ G G/3 G y and Qui r n ^ G/3 y are full abelian subcategories of the 
category Quir^- The categories Qui T „ ^ G G j and Qui rn ^ Gfj y are closed under exten- 
sions. 

We call a level n quiver non-resonant if it belongs to the subcategory Qui rn ^ Gf3 y for 
some collection {Gp}. We call a level n quiver strongly non-resonant if it belongs to the 
subcategory Qui T „ ^ G G(j G y for some collections {Gp}, {Gp}, and {G a ,p}- 

3.3. Restrictions of quivers. For integers k, I, < k < I < N, we define a functor 
jr* fc : Qui r i — > Qui r k. If V r ; = {Vq, Aq,^} is a quiver from Qui r i, then the quiver J* fc (VrO = 
{W a , B a; p, B@} G Qui T k is defined as follows. 

For every a G I(r fc ), the space coincides with the space V a . For every a, (3 G 
/(r fc ), a ^ [3, the map £> Qj/ 3 : W 7 ^ — > W Q coincides with the map A a> p : Vp — > V a . For 
every loop (a, a) 13 G -E(T fe ), the map B@ is equal to the product A a> pAp )a . 

One can check that relations (i-v) in Section 2.2 for the level I quiver imply relations 
(i-v) in Section 2.2 for the level k quiver J* )fe (V r 0- H V r i = {V a , A Q) p} and V' Tl = {V^, A' a (3 } 
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are two level / quivers, and <p = {ip a : V a — > | a G a morphism of these quivers, 

then the collection {{p a : V a — > V' a \ a G F[T k )} defines a morphism if k (<p) of level k 

quivers ( V r « ) and ( Vf , ) . 

One can check that the functor f lk is exact and it maps the subcategory of non- resonant 
quivers to the subcategory of non-resonant T k quivers. For < k\ < k<i < k 3 < N, we 

have 

(3-10) h 3 ,ki = J fc 2 ,fci ' 3 k 3 ,k 2 J 

and for any < k < I < N 

(3.11) $ tk ■ r t = T k -f Uk . 

We will use the notation Jq for the functor jj^r : Quip = QuipN — > Quipo. 

The quiver s* k (Vpi) is called the restriction at level k of the quiver Vpi. The functors 
l* k are called the restriction functors. 

3.4. Direct images of quivers. Now we recall the definition of the left and right adjoint 
functors. 

Let A and B be additive categories; let F : A — > B and G : B — ► A be additive functors. 
The functor F is called a left adjoint to G and the functor G is called a right adjoint to 
F, if there exists a collection of isomorphisms 

(3.12) a x ,y : Hom^(X,G(r)) ^ Hom B (F(X),y), iGi, F G B, 
such that 

• for any X, X' G .4, F G B, G Hom^ (X, G(F)), 7 G Kom A (X',X), we have 

ax',y(07) = «x,y (0)^(7)) 

• for any X, G .A, F, V G B, G Hom B (F(X), F)), 5 G Hom fi (F, F'), we have 

a x ,Y'{G{5)(t)) = S ■ a x ,y (<!>)• 

For a given additive functor F : 4. — > B its left adjoint functor G : B — > 4. is unique 
up to an isomorphism, if exists. Analogously, for a given additive functor G : B — > 4. its 
right adjoint functor F : A — > B is unique up to an isomorphism, if exists. 

The isomorphisms (I3.12p determine collections of canonical morphisms 

(3.13) o~ f^q : X -> GF(X), t f , g : FG(F) -> F, lei, F G B, 

where cr^G = cr^VpoC idj-(x)) and t^g = a G(y)y( i^G(y))- The collections determine 
natural transformations of the functors o~f,g '■ Id>A — > GF and tfg : FG — > /g?b, that is, 

• for any 1,1' 6 i, 7 6 Honu (X',X) we have the equality ctf,g1 — GF{^)o~f,g 
in Kom A (X', GF(X)), 

• for any Y,Y' £ B, 5 <E Honig (F, F') we have the equality Stf,g = tf,gFG(5) in 
Homg (FG(F), Y ). 

Our next goal is to describe the functor J n ,n-i,* : Quipn-i — > Quipn, which is the right 
adjoint functor to the functor J^ n _i. 

Let V r n-i = {V a , A a> /3, A^} be a level n — 1 quiver. Define a new level n quiver Wr« = 
{W Q , B a> j3, B&} as follows. 

For a G /(r™" 1 ), set W Q = V a . 
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For a G I n (T), denote by W a the direct sum W a = © 7 g/ n _ 1 (r), ■ y y a V 1 . Set W a to be 
the subspace of W a , generated by the vectors w = S 7 e/ n _ 1 (r) ^ a v ii v i e ^7> sucn that 
for any 5 G I n -2(T) with 5 > a, the sum ^ 7 6/ n _ 1 (r) 7 ^a ^5,7(^7) equals zero. 

Set _B Qi/ 3 = A a ^, if a and /? both belong to J(r n_1 ). 

Let a G J„_i(r), j3 G / n (r), and a >- f3. Set B a p : W 7 "^ — * W a to be the restriction to 
the subspace Wp of the projection of the space Wp to the space W a = V a along the other 
direct summands of Wp. Define the map Bp jCe : W a — > Wp by the relation 

Bp, a (V a ) = A P a (v a ) - ^ A a',sA S , a (v a ) , 

where v a G V a — W a and the sum is over all a' G 7 n _i(r) and 5 G 7 n _ 2 (r), such that 
5 >- a and 5 >- a'. 

Let a G 7„(r), /3 G J n+ i(r), and a >- f3. Define the map B% : W a ^ W a by the 
relation _ 

Bi( E ^ = E E 4 K). 

7 6/„_l(r), 7 ^a 7: 7^" <S, 7^<5^/3,<5^a 

where t> 7 G V 1 . 

Proposition 3.3. The collection Wr« = {W a , B a; p, B@} is a level n quiver. □ 

The assignment Vr«-i 1— > Wr« determines a functor : Quir^-i — > Qui?™. 

Let Vfn = {V^, A' a ^p, A a } be a level n quiver and a morphism of r n _i quivers : 
j£ n _i(Vfn) — > Vr«-i, given by a collection of linear maps a : — > V^, a G /(r™" 1 ). 

Define a new morphism of level n quivers : Vf« — > Wr^ by the following rules. 

Set a = (j) a : V a -> W a = if 1(a) < n. 

Let Z(/3) = n and u£ G Set foty) = E a , a ^ ^'a,/^)- We have <M^) C W/j. 
Proposition 3.4. 

(i) TTie assignment /3vf„,v r „_i : l— determines an isomorphism 

/fy.„,v r »-i : HomQ uirn _ 1 Vf„), V r »-i) — > Hom 0uir „ (Vf„, Jn, n -i,*(V r «-i)) . 

(ii) The functors and l n ,n-i,* form a pair of left and right adjoint functors with 
respect to the collection of isomorphisms 

a v^ n ,v rn -i '■ HoniQ U j rn (Vfn , Jn,n-i,*(V r ™-i)) — > HomQ uirn _ 1 (j* jri _ 1 (Vf„), V]>-i) , 

where ay v 1 = AT' 1 v • D 

For < k < I < N, define the functors 

J;,fc,* : Qui F k — > Qwir' , Jj,fc,! : <5^r fe - »■ Qmr 1 

by the formulas 

(3.14) = Jj,j_i,* • • • Jfc+i,fc,*(Vrfc) , Jj,*;,! = ' J ',fc,* ' r fc • 

The functors j/^* and j^,! are called the quiver direct image functors. 
For < ki < k 2 < k 3 < N, we have 
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We will use the notation j 0j * and Jo,i, respectively, for the functors 3n,o,* '■ Quiro — > 
Qui T N = Quir and jj^o,! : Qui r o — > Qui T N = Qui r . 

The functor is the right adjoint to the functor j* fc . For any V' T i and V r fe the isomor- 
phism av rl ,v rk ■ Hom Quiri (Vf ; ,Jii ifc ,*(V r fc)) ^ Hom QMrt (j* ifc (Vf,)> V r *) is the composition 

a V^„v r * = a it k+1 {V Tl ),v Tk ••• Q! Jr,,_i(v; l ),j l _ 2 , fc ,.(v rfc )Q!v^,j J _ 1 , fc ,.(v rfc ) • 
The functor is left adjoint to the functor jj* fe . For any Vp, and V r k the corresponding 
isomorphism oL v : Hom Qui .(V r *, J* fc (Vr')) -* Hom Qui _,(ji,fc,!(V r fc), VfO is defined by 
the relation 

a W^) = 7 J _1 • a r ( (V; ( ),r fc (V rfc ) • ^(0) • 

Thus : Qw^r' ~~ Quir k and J>z,fc,* : Qui T k — > Qm r ; form a left and right adjoint pair, 
as well as : Qui V k — > Qw^r' and J^fe : Qw^r' — Qui r k form a left and right adjoint 
pair. 

Remark. Below we give a direct description of the functor J n , n -i,!- 

Let Vr«-i = {V a , A a ^, A 1 ^} be a level n — 1 quiver. Define a new level n quiver Wr« = 

C«,/3, Cf } as follows. 
For a G /(r™- 1 ), we se^/7 Q = V a . 

For a G / n (r), we set U a = © 7 e7 n _ 1 (r), 7 ^a V^. We set C/ a to be the quotient of U a over 
the subspace, generated by the vectors J2 a 5yay p A a; s(vs) , where 5 G 7 n _ 2 (r), S > (5, and 

i>,5 G V5. Let 7T : C/ Q — > C/ a be the natural projection. 
We set C aj p = A a fi, if a and /3 both belong to J(r ra_1 ). 

Let a G J n _i(r), (5 G / n (r), and a >- (5. We set Cp ja : C/ a — > C/g to be the composition 
of the inclusion U a = V a <^-> C/g = © 7 G/„-i(r), 7 ^» ^7 and the projection 7r : Up — > C/g. 
Define the map Cq,^ : Up U a , mh (7 Qj/ g(ii) by the following rules: 

• Assume that there exists v a G V a such that n(v a ) = u, then we set C a p (u) = 
A A i M) . 

• Assume that there exists 7 G J n _i(r), 7 ^ a, and t> 7 G V 7 such that 7r(uy) = w. 
Assume that there exists 5 G J n _2(r) such that <5 >- a, 5 >- 7. Then we set 
C a ,p(u) = -n(A at5 As n (v 7 )) . 

• Assume that there exists 7 G J n _i(r), 7 ^ a, and i> 7 G such that 7r(t> 7 ) = u. 
Assume that there is no 5 G 7 n _ 2 (r) such that 5 >- a, 5 >- 7. Then we set 
C a ,p(u) =0. 

Let a G / n (r), /3 G I n+ i(T), and a >- (3. Define the map Cf : U a — > C/ a by the relation 

E ^) = E E ^KW)- 

7 e/ n _i(r), 7 ^a 7, 7^" 5, 7 ^<5^/3, 

where v 7 & V 7 . 

Proposition 3.5. The collection Ur» = {U a , C a ^p, Cf } is a level n quiver. This level n 
quiver is isomorphic to Jn, n -i,!(Vr«-i) ■ □ 
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Proposition 3.6. For any k < I and any level k quiver Vp* = {V a , A aj p, A 1 ^}, the canon- 
ical morphisms 

,_ 1 r . a h, k <Jh : V rfc -> ^,fcJi I fc,!(V r *) J 

(3.15) ^ 

are isomorphisms. □ 
The proofs of Propositions I3.3H3.6I are direct linear algebra calculations. 

Define the morphism 

si,k ■ Si,k,\(V T k) — > Jj,fc,*(V r *) 

by the formula 

( 3 - 16 ) Sl > k = a v rfc j, fc ,,(v rfc ) ( r j|U, fc J ' 

where are isomorphisms ( 13.121) . establishing the adjunction property of the functors 
jj )fcj i and 

For < k < I < N and a level quiver V r k = {14,, Aj,/3, A^}, denote by Jj,fc ) !*(Vr*) £ 
Qwi r i the image of Ji,k,\(Vr k ) in (Vp*) with respect to s^. 

We use the notation s for the morphism sn^ and Jo,!*(Vro) for the quiver Jo,jv,!*(Vr°) G 

3.5. Example. Let X be C 2 with coordinates z\, z 2 . Let C = {Hi, H 2 , H3} be the ar- 
rangement of three lines, Hi = {z\ = 0}, H 2 = {z 2 = 0}, Hi = {z% = z 2 }, intersecting at 
one point. The stratification of X consists of 5 strata: 

The complement to the union of lines, = {(zi, z 2 ) \ Z\ 7^ 0, z 2 7^ 0, Z\ 7^ z 2 }; 
The lines without the point, X a . — Hi \ {(0, 0)}, i — 1, 2, 3; 
The point, X p = {(0,0)}. 

The principal open subset X° is X$. The principal open subset X 1 is the complement to 
the point, X 1 = X \ {(0, 0)}. The principal open subset X 2 is X. 

The graph T of the arrangement has five vertices, 0, ati, a 2 , 0:3, /3, such that Z(0) = 0, 
/(«i) = 1, l((3) = 2. The graph has six edges (0,«j), («j,/5). We have y cti y (3. 

The level two graph V 2 coincides with V . The level one graph T 1 has four vertices 
0, cyi, a 2 , «3, three edges (0, ai) and three loops (en, cti) 13 . The level zero graph T consists 
of one vertex and three loops (0, 0) Qi . 

(i) A quiver Vr (the same as a level two quiver) is a collection of five vector spaces, 
V%, Vp, V ai , i = 1,2,3, and twelve linear maps, A ai $ : V% -> V m , A^ ai : V ai -> Vg, 
: -> V^, : V ai -> Va, such that 

3 3 

^ ^4/3,^^,0 = 0, A^ a .A au p = 0, 

i=l i=l 

and 

^.aj,0^.0,Q!i + A ajt pAp m = 
for all pairs (z, j), z 7^ j. 
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(ii) A level one quiver Vr 1 is a collection of four vector spaces, Vjj, V ai , % — 1, 2, 3, and 
nine linear maps A^ : H -> V^, A 0ja . : V ai -> V , : -> V^, such that 

AfycuA^. = ^0,a 7 -Agj ,0^0,0, ■ 

(iii) A level zero quiver Vpo consists of the vector space V = V® and three linear maps 
A 1 : V — > V, i = 1, 2, 3. subject to the relations 

[A\ A 1 + A 2 + A 3 ] = 0, i = 1,2,3. 

Let Vr be a quiver as in (i). Then its restriction i(Vr) to level one is the level one 
quiver {W$,W ai , £ , Qi , B ai:9 , ££.}, where W% = Vfo, W ai = V ai , B^ ai = A 0>Qi , B ait$ = 
A az> 0, and £f. = A^pAp^.. 

Let Vpi be a level one quiver as in (ii). Its restriction oC^r 1 ) to level zero is the level 
zero quiver {Wq,, B\ }, where W$ — Vja, B l — AQ >ai A ai $. 

Let Vpo be a level zero quiver as in (iii). Its direct image Ji,o,*(Vro) is the level one 
quiver {W ,W ai , B^ a ., B a . j9 , B^.}, where W % = V, W ai = V, B 9jCe . = Id, B a .$ = A\ and 

The direct image Ji,o,!(Vro) is the level one quiver {[/ , U ai , C 0jQi , C aij0 , Cf .}, where 
U 9 = V, U ai = V, C aa = Id, C 0;Qi = A\ and Cg, = £ je{1 , 2 , 3} ,^ ^ 

Let V r i be a level one quiver as in (ii). Its direct image 12,1,* (V r i) is the level two 
quiver {W 9 , W av Wp, B im , B^, B PttXi , B au/3 }, where W$ = V 9 , W ai = V ai , Wp is the 

subspace of the direct sum Wp = (BiV ai , generated by the vectors EiLi^a;, such that 
^2iA$ ;0l .(v ai ) = 0. The maps B 9a . are equal to Aq, m , The maps B ai $ are equal to 
A aifi . The maps B au p and B^ ai are defined by the formulas B ai ^(J2j v aj ) = v ai and 

The direct image J 2 ,i,!(V r i) is the level two quiver {{7 , U ai ,Up, C 0)Qi , C aij0 , C-^, C ai)/3 , }, 
where ?7 = V and C/ Q , i = V ai . The space C/g is the quotient space of Up = @iV ai 
over the subspace, generated by the vectors Ei=i A ai fi(v<fr) , t> G V©. Let ir : Up —> Up 
be the canonical projection. The maps C$ >ai are equal to A^ a .. The maps C Qij0 are 
equal to A a . ;0 . The maps Cp >ai are defined by the formulas Cp m (v ai ) = ir(v ai ). The 
maps C au p are defined by the formulas C ai> p(-K(v ai )) = Tr(A^.(v ai )) and C au p(ir(v aj )) = 
-<K(A a .fiA^ a .{v aj )) if j ^ i. 



3.6. Direct images of level zero quivers. The direct images of level zero quivers can 
be obtained by inductive application of the construction of the previous section. Here we 
give a direct description of the functors Jo,* and jj 0j !. 
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A level zero quiver W r° G Quito consists of a vector space IV = W$ and linear operators 
B l = Bk : W — > W, i G A(r), such that for each a G -^(r), i >- a, we have 

(3.16) [5\ ^ 5 J ] = . 

j, }>-<* 

Let Wr° = {IV, -B*} be a level zero quiver. Define a quiver Vr = {V a , A a ^} G Quir as 
follows. 

For a G /(T), set 14, = T a <g> W, where T a is the subspace of the flag space T{C\ 
corresponding to a G I(T). 

For (3 y a, l((3) = m define the map A a $ : Vp — > V a by the rule 

(3-17) A a>f3 : F Po _ Pm _^®w ^ {-l) m F Po _ Pm _ lAa ® w . 

To define the maps A a ^ : Vp — > V a for a y (3 we need the following construction. 

Let Fg 0) ... )/ g m _ 1)J g m G .F(C) be a flag and a G J m _i(r), a >- /3 OT , a vertex. Assume 
that there exists a flag F Q , 0) ... jam _ 1 G T{C) such that a m _i = a and >- /3^ + i for 
k = 0, . . . ,m — 1. It is easy to see such a flag is unique. We call F a0) .„ iam _ 1 t/ie cutoff of 
F/3o,-,/3 m i n the direction of a and denote by F% If such a flag does not exists, then 

we say that the cutoff is zero and set F% « = 0. 

We define the number (a; /5 , f3 m -i, $ m ) t° be the maximal codimension in which the 
flags -F ( g 0v .. j/ g m _ 1 and F a0) ... jam _ 1 coincide. More precisely, we define (a; /3q, /3 m ) = if 
/3 Q = a , = a k for fe < m - 1 and f3 k +i ^ ajt+i- We define (a; /3 Q , /3 OT ) = m - 1 if 

= a k for A; = 0, m - 1. We define (a; /3 , /3 TO ) = if Fg^ Pm=p = 0. 

For (3 y a, define the map Aj,/3 : — > V^, by the rule 

(3.18) A a3 : F Po _ Pm _ lM ®w » (~l) k F^ m _ ljPm ® £ & H > 

where = (a; /?o, /3 m ) and the sum is over all i G ii(r) such that i > a k +i and i ^ a^. 
Another form of formula (13.181) is 



A a ,p : F/3o,...,0 m -i,Pm=P ® w ^ (-l)*i ? A),...,/Jfc,a* + i,...,a m _ 1 =a ® -B 



where the sum is over i G /i(r) such that = A+i, iAafc+i = /3fc+2, ...,«A« m _i = (3 m . 

Here fc = (a;/? , ...,P m ) and = Fp ,...,p m _ u p- 

Proposition 3.7. 

(i) The spaces V a and operators A a ^ form a quiver Vr G Quir ■ 

(ii) The quiver Vr is isomorphic to Jo,i(VVro). 

(iii) For any quiver U = {U a ,C a> p} G Quir and a morphism tp G Homg U i (VVr°>Jo(Z/)) ; 
the adjoint morphism aw r0t u((p) G HomQ M j(j 0i ! (Wr«),W) is given by the relations 

(oiq\ / \ F % ®w h-> <p(w) 

1 J aW r°> Um ■ F ao _ am ®w ^ (-l) m - 1 C amam _ 1 ---C aiaoV (w) , m>l. 
(iii) TTie functor jr 0> i : Qui r o — > Qw^r exaci □ 

For a level zero quiver Wro = {W 7 ,!? 4 }, define a quiver Vr = {V^, A^) G Qw^r as 
follows. 
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Let «4(r) be the Orlik- Solomon algebra of the graph T. For a G define the 

projection operator P a : A(T) — > A(T) by the formula 

p ITT n \_ if Ji A... Aj m = a, 

r- a{ n n ,...,n jm) ^ ^ otherwise 

Set = P Q (^4) <8> W 7 . Define the linear maps v4 ajj g : 1/g — > V a by the formula 

m 

(3.20) .L,,:(// /: //,..) w -> ^ (-l) fc - 1 P Q ((^ 1 ,...,^ fe ,...,^ m ))®«; 

fc=i 

if a >- /3, and by the formula 

(3.21) A a)j g : (Hj 17 Fj m ) <gi w i-> ^ P a ((H k ,H jl7 ...,H jm ))®B k (w). 

keh(r) 

if f3 y a. 

Proposition 3.8. 

(i) The spaces V a and linear maps A a ^ form a quiver Vr G Qui? . 

(ii) The quiver Vr isomorphic to Jo,*(VV r )- 

(iii) T/ie morphism s : Jio^C^Vro) — ► Jo,*(Wr°) a»en by the formula 

(3.22) So : F ao ,..., am ® w ^ ^ (H h , . . . , H jm ) ® P> • ■ ■ , 

where the sum is taken over all tuples (H^, Hj m ), such that D if Jm D X Qm . 

(iv) T/ie functor j 0i * : Qui T o — > Q-uir exact. □ 

The morphism s : Jo,!(Wr°) ~* Jo,*(Wro) is called t/ie quiver Shapovalov map. It is 
a matrix generalization of the Shapovalov map S a from the flag complex to the Aomoto 
complex, see Section | 



Identifying A(C) with JF*(C), as in Section |23| we can consider the map sq as a bilinear 
form on the vector space T{C) with values in End W. This quiver Shapovalov form is 
given by the formula: 

30(^0^,..,^,^,...^)= Y,(- l ) l{a) Y. B3m --- Bn » 

where the inner sum is taken over all ji, ...,j m G such that if^ D X ai , Hj m D 

X a , and iP , . D X a - ■ if,- D A a / . 

If all operators P 7 : IV — » IV, j G J(C), commute, then the quiver Shapovalov form is 
symmetric. 



3.7. Monodromy operators for quivers Jo,i(VVro) and ji *(>Vr°)- Suppose that each 
operator B % of the level zero quiver Wr° = {W, B 1 } has a single eigenvalue Aj. We call 
the collection {Aj}, i G /i(r), the spectrum of Wpo. For a G I(T), set 

(3.23) A a = Xi ■ 

i£h(r), i>a 
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We call the spectrum {Aj} non-resonant if 

(3.24) X a £ Z \ {0} for all a G I(T). 

Let J ,!(W r o) = {V a , A a> p} and J ,*(W r o) = {V a ,A a ^}. 
Proposition 3.9. 

(i) For a G I(T) and the quiver JJo,!(VVr°); consider the central element S a of the local 
algebra O a (s 0; \(yV r )), see fl^jP - Then S a is the scalar operator with eigenvalue X a . 

(ii) For a G I(T), a y [3, and the quiver po), consider the operator A 1 ^ = A a ^Ap^ a : 
V a — > V a . Then A^ a is scalar with eigenvalue Xp — X a . 

(iii) For a G I(T) and the quiver Jo,!(Wr ) ; consider the operators T a and T a , defined 
in ( 15*. 5\) and ( Iff. 6\) . respectively. Then every eigenvalue of T a is either or X a and every 
eigenvalue ofT a is either or X a . 

Proposition 3.10. 

(i) For a G I(T) and the quiver Jo,*(Wro), consider the central element S a of the local 
algebra O a (jio,*(Wr )); see (|ff.^|j. Then S a is the scalar operator with eigenvalue X c 



(ii) For a G I(T), a y [3, and the quiver Jo,*(Wro), consider the operator A 1 ^ = A a ^Ap >a : 
V a — > V a . Then A^ a is scalar with eigenvalue Xp — X a . 

(iii) For a G I(T) and the quiver Jo,*(Wro); consider the operators T a and T a , defined 
in ( Iff. 5\) and ( Iff. 6\) . respectively. Then every eigenvalue of T a is either or X a and every 
eigenvalue of T a is either or X a . 

Proposition 3.11. Let C be a central arrangement (that is, all hyperplanes of C contain 
G C N ). Then for each of the quivers So,\(W ro) and So,*(W ro), the operator S, defined 
in / Iff. 8\) , has a single eigenvalue which is equal to = J2jeJ(c) 'V 

Corollary 3.12. 

(i) Let Wpo = {W,B 1 } be a level zero quiver with non-resonant spectrum. Then the 
quivers Jo,!(Wro) ; io,*(Wr»), and Jo,!*(^r ) are non-resonant. The same conclusion is 
valid if all operators B l are close to zero. 

(ii) Let C be a central arrangement and W y° — {W,B 1 } a level zero quiver with non- 
resonant spectrum. Then the quivers Jo,!(Wro), Jo,*(VVro) and Jo,!*(Wro) are strongly 
non-resonant. The same conclusion is valid if all operators B l are close to zero. 

Statements of the corollary for level zero quivers with non-resonant spectrum follow 
directly from Propositions 13 . 9tl3 . 1 1 1 If W r° — {W, B 1 } is a level zero quiver with operators 
B l close to zero, then all monodromy operators of quivers Jo,!(Wr°), Jo,*(VVro), and 
jt ,!*(Wr°) are close to zero and their eigenvalues belong to some non-resonant sets. □ 

Propositions 13.91 - 13.111 are proved in Section [7J 

3.8. Example. Let X be C 2 and C = {Hi, H2, H3} the arrangement of three lines, con- 
sidered in Section l3~5l 

In notations of Sections 12.51 and 13.51 the flag complex T{C) of the arrangement has 
seven flags F 9 , Fq j(X1 , F 0iQ2 , F 0ja3 , F 0iai)/3 , F 0)a2i/ j, F^p, subject to the relation 
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We have T% = C • F% , T ai = C • Fq jCH , i = 1, 2, 3, and Tp is generated by the flags F$ >oli) p, 
i - L 2, 3. 

The Orlik-Solomon algebra .4(C) is generated by symbols 1, (Hi) with z = 1,2,3, and 
by symbols(ifj, Hj), where i,j = 1,2,3. We have (Hi,Hj) = — (Hj,Hi) and 

(Hi,H 2 ) - (H U H 3 ) + (H 2 ,H 3 ) = . 

Let Vpo be a level zero quiver as in Section 133} (iii). 

The direct image Jio,!(Vr 2 ) is the quiver {W$, W ai ,Wp, B$ m ,B a .$, Bp m , B^p} of T, 
where W 1 = ® V for all 7 G and 

B ah $(F $ ®v) = F dm ®v, B d ^(F^ ai ® v) = F $ ®A\v), 
Bp j(Xi (F^ ai ® v) = -F$ ;Cei; p ® u , 

B aj ,p(F 9t(Mt p ®v) = -F 0)C( . ® A>) , jVj. 

The direct image J ,*(V r o) is the quiver {U^U^U p.C^C^ Cp >a .,C ah p,} of T, 
where £70 = C • 1 ® V, £/ ai = C • (H t ) ® I 7 , and £7^ is generated by the vectors (H i: Hj) ® v, 
i,j = 1, 2, 3, v G V. We have 

^,0(1 ®v) = (fii) ® A>) , <7 0)ai ((i2i)®v) = 
<W(#i)<g>T;) = ^ (#,-,#*) , 

C ai! p((Hj, Hi) ® v) = (iii) ® v , j^i, 

C att p{{H v H k ) ® u) = , z ^ {j, fc}. 
The Shapovalov map so : Jo,!(Vr«) — > JJo,*(Vro) is given by the formulas: 

s o (F ®i;) = u , s o (F 0iai <g> u) = (Hi) ® A>) , 

S O (i ? 0,a i ,/3 ® U) = ^ (-Hi, #j) ® . 
J. 3+i 

The quiver Jo,!*(Vr°) is the subquiver of Jo,*(Vro), generated by the vectors 1 ® v, (Hi) ® 
4'0>), E;, j&iHi, H^ ® A'A^u), where i = 1, 2, 3 and v eV. 

Suppose that each of the operators A 1 : V — > V of the level quiver Vro has a single 
eigenvalue Aj. Then the quivers Jo,! (Vro), Jo,*(Vro) and Jo,!*(Vro) are strongly non- resonant 
if Ai + A 2 + A 3 G" Z \ {0} and \<£Z\ {0} for all i = 1, 2, 3. 
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4. Quiver ©-modules 

4.1. Modules over rings of differential operators. Here we briefly recall the basic 
terminology of modules over rings of differential operators [Kll IK41 IB] . 

Let Y be a smooth algebraic variety over C. We denote by T>y the sheaf of rings of 
linear algebraic differential operators over Y. Let M be a sheaf of modules over the sheaf 
T>y- We call M a Py-module. A Py-module M is called coherent if the sheaf M can 
be locally presented as the cokernel of a morphism of free Py-modules of finite rank. 
We denote by A4y the category of coherent Py-modules. If Y is affine, then the space 
M = T(Y, M) of global sections of a coherent Py-module M is a module over the ring 
Dm = r(Y,Py) of global algebraic differential operators over Y, and the sheaf M is 
determined by localizations of M, that is, for any open affine U C Y, we have 

T(U,M) = D V ® Dy M. 

Let U be an affine open subset in an algebraic variety Y and T*U the cotangent bundle 
of U. A coherent .D^-module My has singular support ss.M C T*U, which is defined as 
follows. Denote by D v C Vy the subspace of differential operators of order not greater 
than k. The spaces D v define an increasing filtration of the ring Dy such that the 
corresponding graded ring GrDy is a commutative ring isomorphic to the polynomial 
ring C[T*U]. An increasing filtration {M v } of the module My is called good if it agrees 
with the filtration {D v } of the ring Dy: 

• DyMy C M v +l for all k, I; 

• D v M\j = M v +l for all I > l , k > 0; 

• All Mfj are finitely generated (9[/-modules. 

For a good filtration, the graded space gr My is a coherent module over GrDy and thus 
defines an algebraic variety ss.My C T*U. More precisely, the variety is defined by the 
radical of the annihilator ideal Ann(grMy). The variety is called the singular support or 
characteristic variety of the D^-module My. 

Bernstein's theorem |Bn] says that a coherent P^-module admits a good filtration and 
the singular support of My does not depend on the choice of the good filtration. This 
implies that the characteristic variety for a coherent Py-module My on a nonsingular 
variety Y is well defined. The characteristic variety is an involutive subvariety of T*Y 
with respect to the canonical symplectic structure on T*Y, thus its dimension is not 
less than the dimension of Y. A Dy-module My is called holonomic if its characteristic 
variety is lagrangian. Denote by Aiy 01 C M.y the full subcategory of sheaves of holonomic 
Dy-modules. 

Let Oy denote the structure sheaf of regular functions on Y, the sheaf of holo- 
morphic functions on Y; Q Y ^ ne sheaf of /c-forms on Y; fi y ' an the sheaf of holomorphic 
fc-forms on Y. 

The simplest examples of holonomic Py-modules are provided by flat algebraic con- 
nections in algebraic vector bundles over Y. Recall that a connection V in a locally free 
CV-module <S of local sections of a vector bundle S is a C-linear map 

V : S -> tt Y ® 0y S, 
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satisfying the condition V(/s) = df <E> s + /V(s) for / £ Oy and s E S. The curvature 
V*- 2 -* of the connection V, 

V (2) : ^ ® 0y S ^tt 2 y ® 0y S, 

is determined by conditions V^(u; £g> s) = gL> £g> s — cu A V(s) for any a; £ Q y and s E S. 
The connection is flat if its curvature is zero. 

A flat connection (V,«S) can be canonically extended to a holomorphic flat connection, 

{V an ,Oy n ® OY S). 

A flat connection (V, S) provides the CV-module S with a structure of a TV-module 
iSy, where the action of a vector field £ is given by the relation £(s) = ^(V(s)). 

Let K be a stratified algebraic variety with smooth algebraic strata Yj, j £ It 
means that K is presented as a finite disjoint union of strata Yj, such that the closure of 
each stratum is a union of strata. Denote by M^ 1 C M.y the full subcategory of holo- 
nomic Py-modules M whose singular support is contained in the union of the conormal 
bundles of strata of Y, ss.M C UjeJfv) ^yY ■ This category is abelian and is closed under 

extensions. If M £ .M y oZ , then we say that M is smooth along the stratification ofY. 



4.2. Quiver Dx-modules. Let C be an arrangement in X = C N . Let {f/3^ a ,^ a ,i3 \ a,/3 E 
/(r), a y 0} be an edge framing of C. 

Let V be a quiver of the graph Y of C. We define the associated quiver V x -module EV 
as the quotient of the free sheaf 71° EV = V x ®c (®a£i(r)Q a ®V a ) of Px-modules over its 
subsheaf TZ'EV of coherent D^-modules, whose global sections are the following global 
sections of 7Z°EV: 

(i) the sections 

(4.25) u£ (g)UJ a (g)V a - ^ (£, fp, a ) u ® 7Tp >a (uJ a ) ® Ap j0l (v a ) , 

where a £ /(T), -u <8> uJ a ® t> Q £ ®c ® and £, E T a , 

(ii) the sections 

(4.26) V,f®U a ®V a - ^ /) « ® 7T/3, a (^ Q ) ® ^,a(u«) , 

where a £ /(r), w ® EJ a ® t> Q £ Dx ®c fi a <8> Vq, and / £ F a . 

It is easy to see that the space generated by sections in ( I4.25l) -( l4.26l) does not depend 
on the choice of the edge framing. Thus the sheaf EV is determined by the quiver V only. 

For any a E I(T), EJ Q £ f2 Q , t> a £ V a , we denote by ZJ a ® v a the image in T(X, EV) 
of the global section l®uJ a ®v a E T(X, 1Z°EV) with respect to the canonical projection 
TZ°EV — > EV. The vectors ZJ a £g> v a , where a E I(T), uJ a E VL a , v a E V a , generate 
T(X,EV) as D x -module. 

Remark. In \Kh\ IKhS2] relations fl4.25p - fl4.26p were written in a different but equivalent 
form. Namely, let Q a be the one-dimensional complex vector space of /(a)-exterior forms 
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dfiAdf 2 A...Adfi( a ) with fi, . . . , fi( a ) £ F Q . For any a £ I(T), choose an element to a £ Q a . 
Then the relations of fl4.25p - fl4.26p are equivalent to the next relations, 

£(LJ Q <g)V a ) = y - _ Up <g> Ap >a {v a ), 

(4.27) 

/_ \ df A cjfl A u a _ , . 

/K®t) ft ) = > — ^ A _ up® Afr a (y a ). 

The right hand side of formulas (14.271) does not depend on the choice of the forms Q a £ Vt a . 

It is easy to see that a morphism of quivers <f> : V — > V' induces a natural morphism 
i?</> : — > -EV of Px- m odules. Thus the correspondence £ : V h E'V, E : <p i— > 
defines a functor from the category Qmp to the category of P^-modules. 

Choose a vector space structure and a non-degenerate bilinear form <, > on C . For 
a £ I(r), introduce the spaces T'and i^as in Section [2T2l Let S" (T^ © F' a ) be the 
symmetric tensor algebra over the space T' a © F' a . Denote by M a = M a (V) the vector 
space 

(4.28) M a = S(U ©F')©n Q ®V a . 

Clearly, there is a natural linear map of the vector space M a to the vector space of global 
section of EV. 

Proposition 4.1. The vector space of global sections of the T>x-module EV is isomorphic 
to the direct sum of the spaces M a , 

(4.29) T(EV) ~ © ae / ( r)M Q . 
The proposition is proved in Section [7J 

For k = 0,...,N, denote by Vk the following finite dimensional subspace of global 
sections of the Dx-module EV: 

(4.30) V k = © Q a ® V a . 

aeI h {T) 

For any m > and /, < I < N, set 

N N 

F™EV = V x~ k V k , F™' l EV = V x~ k Vk 

k=0 k=l 

where T> l x is the sheaf of differential operators over X of order less than or equal to I. We 
have 

V l x F™EV C F l p +rn EV and F^EV C F^EV 

for mi < m 2, so that the graded factor EV = @ m >aF™ EV / F™~ x EV is a module over 
grV x ~ C[T*X). We call the filtration 

(4.31) = F^EV C F%EV C F^EV C ... C F™EV C ... C EV 
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the principal filtration of the quiver Dx-module EV. The sheaves F™ ,l EV form a subfil- 
tration 

(4.32) ... C F^EV = F™- lfi EV C F™' N EV C ... C F™'°EV = F™EV C ... 

of the principal filtration of the quiver Px-module EV. We call it the subtle filtration of 
the quiver Dx-module EV. 

Proposition 4.2. 

(i) The principal filtration {1^.3 1 ) of the quiver T>x -module EV is good. 

(ii) The associated graded factor EV = gr EV of the sheaf EV with respect to the principal 
filtration F p EV is isomorphic to 

© Ox a ® {S{T' a )®Tl a ®V a ) 
ae/(r) 

as the sheaf of Ox -modules. 

(iii) The T>x-module EV is holonomic and smooth along the stratification 
The proposition is proved in Section [7J 

4.3. Example. 

(i) Let X be C with coordinate z. Let C = {Hi, H n }, where Hj = {z — tj = 0}. Denote 
the vertices of the graph of the arrangement by the symbols 0, and j, j = 1, ...,n. Let 
V — {V®, Vj, A$j, Ajtf} be a quiver of T. 

The vector space T(X, EV) of global sections of the sheaf EV is generated over Dx by 
the vectors dz ® v® G Q,$ ® V$, and 1 (g> v j G Qj (g> Vj, subject to the relations: 

n 

d z (dz <g> v$) = 1 ® A^i^), (2; - tj)(l g) Vj) — dz ® ^0j(f j) , 
i=i 

where d z — 
The vectors 

z fc (dz<g>v ) , A; > 0, f G V , 

form a C-basis of the vector space T(X, EV). 

Let {FpEV} be the principal filtration of the Px-module EV. 

The vectors z k (dz ® 1*0), > 0, form a C-basis of the space of global sections of the 
sheaf F°EV. 

For any I > 0, the vectors d™(l (g> Vj), < m < I, and z k (dz (g> v%), k > 0, form a 
C-basis of the space of global sections of the sheaf FpEV. 

(ii) Let X be C 2 with coordinates zi,z 2 . Let C = {Hi, ...,H n } be the arrangement of n 
lines, Hj = {z 2 + kjZ\ — 0}, j — 1, . . . , n, intersecting at one point. Denote the vertices of 
the graph of the arrangement by the symbols , ay, where j = 1, ...,n, and /3, such that 
Xp is the point (0, 0). 

Let V = {V0, V a .,V/3, A^ a ,A a Ap^ A a .p) be a quiver. 
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The vector space T(X, EV) of global sections of the sheaf EV is generated over Dx by 
the vectors dz\ A dz 2 <8> t>0, where v% G Vq, the vectors dz\ ® v aj , where v a . G V aj , and the 
vectors 1 ® w^, where G Vg, subject to the following relations: 

n n 

d Zl (dzi A dz 2 <8> f 0) fcjdzi ® A^^), 0„(dsi A dz 2 ® t>0) = J^d^i ® A^^), 

3=1 i=i 
(z 2 + fcj^i)(dz;i ® -Way) = 1 <g) A0 >Qj .(f aj ), - fc,-9 Z2 )(d2;i ®u aj ) = l® A^^), 

n n 

zi(l <g> vp) = V* dzi <g> A^a .(u/j), z 2 (l ® f/3) = - V" fydzi ® A^Avp) 



The vectors: 



i=i 3=1 



^^(dzi Adz 2 ®u ) , fci,A&>0, 

^^(dZ!®^,) , fc!,fc 2 >0 , J = 1, 

^^1(1®^) , h,k 2 >0 , 



form a C-basis of the vector space £?V). 

The vectors z\ 1 z 2 2 {dz\ A dz 2 <8> f©), fci, fc 2 > 0, form a C-basis of the space of global 



sections of the sheaf F®EV. 



The vectors z kl z 2 2 {dzi A dz 2 ® ity), fci,A;2 > 0, and the vectors dz\ ® u a . G V^., 
j = 1, . . . , n, form a C-basis of the space of global sections of the sheaf F^EV. 

For I > 2, the vectors z kl z 2 2 (dz 1 Adz 2 ^>v 9) ), k 1} k 2 > 0, the vectors z kx d k l{dz x <g> u^), 
fci > 0, < A; 2 < Z, j = 1, . . . , n, and the vectors d k z \d k £ (l®vp), k\ + k 2 <l — 1, form a 
C-basis of the space of global sections of the sheaf FlEV. 



4.4. Quiver Px n_m °dules. Let X n be a principal open subset of X, see Section 12.31 
Let {f/3, a , £ a ,p I a, /3 G I(r), a >- /3} be an edge framing of C, and Vr« = {K,, A tti/ g, A^} G 
Quipn a quiver of r n . 

We define £/ie associated quiver T>x n -module E n Vr^ as the quotient of the free sheaf 
!Z Q E n Vr n = T>x n ®<c (®aei(r n )Q a ® V a ) °f "Px™- m odules over its subsheaf lZ'E n Vv" of 
coherent Px™-modules, which is described by its restrictions to open afline subsets Uj? n , 
where T n = {f a \ a G I n+ i(T)} is a level n vertex framing. 

The sections T(U^ n , TZ'E n Vr™) of the sheaf TZ'E n Vr^ over Ujr n are the following sections 
mT(U^,n E n V^)- 

(i) the sections 

(4.33) u£®UJ a <g)V a - 52 (£, fp, a ) U ® TTp^Ug) ® Ap jU (v a ) , 

where a G J(T n ) with /(a) < n, w ® U a ® t> Q G ®c ® ^a, and ( G T a , 
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fii) the sections 



(4.34) A ayP 



where a G 7(r n ) with /(a) = n, u <8> cJ a (g> u a G ®c ® V a , and (eT a . 

Here 8(a,j) is the unique (if exists) element of I(T n ), such that 8(a, r y) y a 
and 8(a, 7) >- 7. If it does not exist, the corresponding summand in (I4.34p is set 
to be zero, 
(iii) the sections 

(4.35) u f ®Zu a ®v a - ^ /) M ® tt/3,q(^q) ® Ap t0l (y a ) , 

where a G I(r n ), w (g> cJ a g) t> a G -Djy> n ®c fi Q ® , and f E F a . 

One can see that the space generated by sections in fl4.33H — (14.35H does not depend on 
the choice of the edge framing of C. Thus the sheaf E n Vv n is determined by the quiver 
Vr« only. 

For any a G /(r n ), uJ a G VL a , v a G K,, we denote by cJq,®^ the image in Y{Ujr n1 E n Vr^) 
of the sections 1 <E> ZJ a <g> t> a G r(L^ n , 7£°i£ n Vrn) with respect to the canonical projection 
1Z°E n V r ™ -> E n Vrn. _ 

The vectors cJ a <g> f Q , where a G /(T n ), ZJ a E fl a , v a E V a , generate T(Ujr n , E n Vrn) as 
a -Dj/jt -module. 

All statements of the previous section have straightforward analogs for the quiver V>x n ~ 
modules on X n . In particular, the principal filtration F p E n Vr^ of a quiver £>x™- m odule 
E n Vr^ is defined by the rule 

n 
k=0 

where V \ is defined in (I4.30I) . The graded factor E Vr n = gr E n Vr« of the sheaf E n Vv^ 
with respect to the principal filtration F p E n Vr« is isomorphic to 

© °x a nx« ® {S( T L ) ® ® K,) 
ae/(r«) 

as a sheaf of Ox™- m odules. This implies that the space of global sections T(X n , i? n Vr™) 
of the X>x™-niodule E n Vr« is isomorphic to 

aG/(r n ) 

For any n = 0, 1, N, consider the category Qui Tn ^ G G y associated with given 
collections {G a }, {Gp}, and {G Qi ^}. 

Proposition 4.3. 

(i) The assignment Vp™ 1— > -E n Vr™ defines a faithful functor E n : Qui-?™ — > Ai^L 
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(ii) Let C be a central arrangement (that is, all hyperplanes of C contain G C N ). Then 
the restriction of E n to the subcategory Qui rn ^ G G ^ G j is full and faithful. 

In particular, the restriction of the functor E to the subcategory Qui r ^ G G ^defines 
an equivalence of the category Qui T ^ G G/3 G y with a full subcategory of the category 
M-x , closed under extensions. 

Proposition 14.31 is proved in Section [7j by induction on n. The following proposition 
plays the key role in the inductive proof. 

Proposition 4.4. Let C be a central arrangement. Let {Gj \ j G J(C)} U {G$} be a 
collection of weakly non-resonant sets. Let V = {V, A 3 } and W = {W,B 3 } be level zero 
quivers, such that 

(a) for any j G J(C) the eigenvalues of A 3 and eigenvalues of B 3 are in Gj, 

(b) the eigenvalues o/X^/eJfC)^ 7 an d the eigenvalues of X/jejrc) B J are ^ n ^0- 
Then the vector spaces HoniQ u j r0 (V, W) and Honix? x0 (E°V, E°W) are isomorphic. 

Remark. Proposition 14.31 is a generalization of the corresponding statement in [KhJ . 
Note that the condition of the centrality of the arrangement is missing in {KhJ. This is 
the mistake, which is in the ignorance of Proposition 14.41 in the inductive proof of the 
main theorem of |Khj . The statement of the main theorem of [Kh] is valid for central 
arrangements. 

Proposition 14.41 is proved in Section [71 

Example. Let X° be the complement to the union of hyperplanes of the arrangement 
C = {Hj},j G J(C), in X = C N . Let z\, zn be affine coordinates in X. For j G J(C), 
let fj be an affine function on C N defining the hyperplane Hj. Let Vpo = {V, A 3 } G Quito 
be a quiver of level 0. Recall that A 3 ' : V — > V are linear maps such that for each 
a G -^(r), j >- ®, we have 

(4.36) [A*, Ai ] = • 

i, iya 

The associated Dx - m °dule E°Vro is generated by the vectors oj$ ® v, where us® = dzi A 
... Adzjy and v G V, subject to the relations, labeled by vectors v G V and constant vector 
fields e on C w , 

(4.37) ^9®v) = ]T%^(^® A*(v)) . 

j h 

That means that E°Vro is isomorphic to the Px°- m °dule associated to the following flat 
connection. 

Consider the trivial bundle on X° with fiber V, the End V^-valued differential one-form 

(4.38) £ A 3 ®d\ogfj, 

jeJ(C) 

and the associated connection on the trivial bundle. The connection is flat due to (14.361) . 
The connection is regular singular. The £>x°- m odule associated with the connection is 
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isomorphic to E°Vro. As a sheaf of Ox -modules, it is isomorphic to the free sheaf 
O x o ® V. 

4.5. Direct and inverse images of quiver P-modules. For < k < I < N, let X k , X 1 
be the principal open subsets of X. Since the canonical embedding j i>k : X k — > X 1 is open, 
the functors j z * fc : M-x 1 ~^ M.x k an d ji,k,* '■ M.x k ~~ * ^-x 1 °f t ne inverse and direct images 
of P-modules are well defined and can be described in the sheaf-theoretical language. 
Namely, for M E Aixh the sheaf jf k (M) is the sheaf-theoretical inverse image j' lk (M) of 
the sheaf M equipped with the natural structure of the sheaf of Px fc_m °dules. Also for 
N E M.x k i t ne sheaf ji tk ^(N) is the sheaf-theoretical direct image (j;,fc).(iV) of the sheaf 
N equipped with the natural structure of the sheaf of Px i_m °dules. 

More precisely, let M be a coherent V X '-modu\e and U C X h an open subset. Then U 
is an open subset of X 1 as well and 

(4.39) r(U,jl k (M))=T(U,M) . 

Since the space T(U, M) is a _D;y-module, the relation (14.391) describes the structure of a 
-Djy-module on the space T(U, H k (M)). 

Let now N be a coherent D^k-module and U C X 1 an open subset. Then jf k (U) = 
U n A fc C £7 is an open subset of X k and 

(4.40) r([/, JiiM (iv)) = r(^ 1 (f/),iv) . 

The structure of a £>x-module on the sheaf ji,k,*(N) is described as follows. 

Let n E T(U, ji t k,*(N)) be a section corresponding to the section n E T(jf k (U), N) via 
identification (14.401) . Let d E Du be a differential operator on U. Then the product 
dn E r(U, ji t k,*(N)), N) corresponds via (14.401) to the section dnE T(jf k (U), N), where 

d = d\unx k - 

The functor j* k is exact and maps the subcategory M^gi c M.x l to the subcategory 
M h xl C M X k - For any < k x < k 2 < k 3 < N, we have 

A * * n' * 

Jk^,ki Jk2,k\ Jk-j,,k2 ' 

We use the notation j'q for the functor j* N : A^x = M.x N — * M-x°- 

The functor ji k,* '■ M-x k -^-x 1 is right adjoint to the functor of inverse image 
H k : M x i —> M X k and for any < k x < k 2 < k 3 < N: 

Jfc3,fcl,* Jk3,k2,* ' Jfc2,fcl,* • 

We use the notation for the functor jx,o,* '■ M.x° — > M. x n = M.x- It is exact since 
the map jo : A — > A is affine. 

The following theorem is an immediate consequence of the constructions in the previous 
section. 

Theorem 4.5. The diagram below is commutative : 

Qui r i — Qui V k 
IE 1 | E k 

M h x 1 ^ M h °l . 
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Let < k < I < N. For any T -quiver Vr*= and T -quiver U r i denote by au rU v rk '■ 
HoniQ U j r; (U r i, J;,A:,*(V r fc)) — > B.omQ U i rk (^ k (U r i), V r k) the isomorphism of adjunction of the 
functors j z * fc and JJ^fc,*. For any 2) X k-module M k and any V x i-modu\e Mi denote by &M h Mk • 
Hom_A4^ ; (Mi, ji,k,*(Mk)) — > Rom.M xk (jlk(.Mi), Mk) the isomorphism of adjunction of the 
functors j* k and ji^,*- 

Theorem 4.6. Let V r fe be a Y k quiver such that its quiver direct image li,k,*(yr k ) ^ s 
strongly non-resonant. 

(i) Then the direct image of the D X h -module E k (Vrk) with respect to ji^ is isomorphic 
to the quiver V x i -module, associated with (V r fc) : 

(4.41) jz iM (£ fc (VrO) - #W.(Vr*)) • 



(ii) Identify V x i-modules ji t k,*(E (Vr*)) and E (jJ;,fc,*(VrO) by isomorphism ( f^l| ). 
Then for any T l -quiver U^i and any morphism (p : lA^i Jz,fc,*(Vrfc) of T l -quivers 
we have E k a UrU v vk = a E i {UTl)>Ek( y Tk) (E l <p). 

The theorem is proved in Section [71 
Corollary 4.7. Let Vpo = {V, A 1 } be a level zero quiver. Suppose that each operator A 1 



has a single eigenvalue. Suppose that Vpo has a non-resonant spectrum, see Section \3. 7 
Then 

jo,*(£ (V r o)) ~ £(Jo,*(V r o)) . 



4.6. Specialization of a quiver D^-module to a stratum. There is a specialization 
construction in the theory of P-modules due to Kashiwara [K3j . This construction gives 
a collection of functors between quiver P-modules. 

Let Y be a smooth complex algebraic variety and Z C Y a smooth complex algebraic 
subvariety. Let TzY — > Z be the normal bundle of the subvariety Z. Let / C Oy be the 
sheaf of ideals of functions vanishing on Z. 

Define a decreasing filtration F(T>y) of the sheaf Dy by the formula 

(4.42) F k (V Y ) = {PE V Y \ P(/|) C Il +k for any j} . 

The associated graded quotient is isomorphic to the sheaf of differential operators T>t z v 
on the total space TzY of the normal bundle to Z. 

Let M be a Dy-module. A decreasing filtration F(M) of M is called good with respect 
to F(V Y ), if 

(i) F k (V Y )F j (M) C F k+ i(M) for any and j, 

(ii) F k (V Y )Fi(M) = F k+ i(M) if j > and k > or j < and fc < 0, 
(hi) F^(M) is a coherent F°(Dy)-module, 

(iv) M = \JjF j (M). 
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Let 9 be a vector field on Y tangent to Z and acting on I /I 2 as the identity. Let GcC 
be a non-resonant section of C, that is G contains zero and for any o6C the intersection 
G fl (a + Z) consists of a single point. 

Kashiwara's theorem |K3] states that for any holonomic Py-module M with regular 
singularities there exists a unique filtration of M which is good with respect to F(T>y) 
and such that 

(v) there exists a polynomial b(x) with zeros in G such that 

b(6-k)F k {M) C F k+1 {M) 

for any k. 

The associated graded quotient grM has a structure of a 2>r z y-module and is called 
the specialization of M to Z. We denote the specialization by Spz(M). 

Thus, having Y, Z, 8, M, G, Kashiwara's theorem gives the specialization XV z y-module 
Spz(M). 

In this section, we consider the case in which 

• Y is a vector space X = C N with a central arrangement C, 

• Z is the closure X a of a stratum of that arrangement, so Z is a vector subspace, 

• 9 — + . . . + z k-^i where Zi, 2^ are linear coordinates on X, such that Z 
is defined by equations Z\ — • ■ ■ — z^ — 0, 

• M is a quiver Dy-module associated with that arrangement. 

Then it turns out that the specialization is also a quiver 2>r z Y-ttK)dule for a suitable ar- 
rangement of hyperplanes in T Z Y and a suitable quiver associated with that arrangement 
mT z Y. 

More precisely, let C be a central arrangement of hyperplanes in a vector space X = C N . 
Let r be the graph of the arrangement C. Fix a G The arrangement C induces an 

arrangement C a in the total space X of the normal bundle X — > X a . 

It is defined as follows. Identify T^ a X with the direct sum X a © X/X a and let 7r a : 
X — > X/X a be the natural projection. Assign to a hyperplane H of C the hyperplane 

if = HnX a ®7c a {H) cx a ® x/x a . 

Then the arrangement C a consists of all distinct hyperplanes among the hyperplanes 

Hj,jeJ(C). 

The graph T a of the arrangement C a can be described as follows. Define an equivalence 
relation = a on points of the set I(T) : we say that (3 = a l if 

(i) x a nx p = x a nx 7 , 

(ii) the set of all 5 G /(T), such that 5 > a and 5 > (3 coincides with the set of all 
5 G /(r), such that 5 > a and 5 > 7. 

Then the vertices of T a are the equivalence classes (3 relative to the relation = Q . 

Two vertices /3, 7 G /(T Q ) are connected by an arrow in T Q if there exist representatives 
(3 G /? and 7 G 7, connected by an arrow in T. 

The length function / : I(T a ) — > Z> is given by the rule: the length l(J3) of any 
equivalence class ft G I(T a ) is the length of any representative ft' G ft C /(T). 
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Let V = {V/3, Ap tl } be a quiver of Y. We define the new quiver Sp a (V) = {Wp, Cp^} of 
the graph T a which will be called the specialization of the quiver V at a G I{T). Namely, 
we set 

Wp = ®p> Vp> , 

where the sum is over all f3' from the equivalence class j3. We set 

13', 7' 

where the sum is over all j3' from the equivalence class (3 and 7' from the equivalence class 
7. It is easy to check that Sp a (V) is a quiver of T a . 

Let F(T>x) be the decreasing filtration (14.421) of the sheaf T>x, related to the ideal of 
functions vanishing on X a . Define the decreasing filtration F(EV) of the sheaf EV as 
follows. For any j = 0, 1, I = 1(a), denote by Vj the vector space 

Vj = 7 ^ <g> Vy , 

where the sum is taken over all 7 with codim x 7 ^7 ^ X a = j. We set 

f Y J UF k+l -KVxW^ k<-l, 

(4.43) F\EV) = I Y! J=k+l F* +l -3(V x )V 3 , -I < k < , 

[ F fc (P x )F z , 0<fc. 

Fix a nondegenerate bilinear form ( , ) on X = C N . For any vertex 7 G -f(r), the 
bilinear form determines an isomorphism v n : X 7 — > X- of vector spaces where X 7 C X 
and X 7 C T^ a X = X a © X/X a . Namely, let X 7 be the orthogonal complement to 
X 7 fl X a in X 7 . We set z/ 7 (x + x 1 ) = x + Tr a (x') for any x G X 7 fl X a and x' G X 7 , where 

n a : X — > X/X a is the natural projection. Let z/ 7 = (V*) : fi 7 — > fi- be the associated 
isomorphism of the spaces of top degree holomorphic differential forms invariant with 
respect to translations. 

For any vertex (3 G I(T) define the linear operator Sp : Vp — > Vp by the formula 

7 

where the sum is over all 7 G I(T) such that X a nX 7 = X /3 nX 7 . We define the operator 

S {a) : ®^/ { r)V> -> ®pa{T)Vp 

by the formula 

el"' — s 



/3el(r) 

Lemma 4.8. 

(i) The filtration F(EV) is good with respect to F(T>x)- 

(ii) The assignment gr (cJ 7 ® t> 7 ) 1— ► I 7 7 (cJ 7 ) ® t> 7 , itrai/i 7 G /(r) ; v 1 G V^, cJ 7 G f2 7 , 
establishes an isomorphism of the T>t— x-modules gi EV and ESp a (V). 



40 

(iii) For (3 G I(T) let j = codim Xp H X a . Then for any uJp g) v p G flp (g) Vg we /iai>e 
(6* — j + /) (c^ ® vp) - 1 ® 4 a) ® ^) e F'~ l+1 (£V) . 

□ 

The proof is by direct calculation like in the proof of Proposition 14.31 

Lemma 4.9. Let G {a) be a non-resonant set and G a non-resonant section such that 
G W D Assume that all eigenvalues of belong to G^ a \ Then the V>t— x -module 

gr EV from Lemma \4~!\ is the specialization module Spx a {EV) relative to the non-resonant 

section G a and vector field 6 defined above. 

Proof. Due to statements (i) and (ii) of Lemma 14.81 it is sufficient to verify condition 
(v) for the filtration F(EV). But condition (v) follows from the definition of the filtration 
in (I4.43p . statement (iii) of Lemma 14. 8[ and Proposition 14.21 □ 

Corollary 4.10. Under the above assumptions the T>t— x -modules ESp a (V) and 
Spx a (EV) are isomorphic with respect to the isomorphism from Lemma \4.8[ 



4.7. Free resolution of quiver D^o-modules. Let Vpo = {V, \ j G J(C)} be a 
quiver in Qui-po and E°Vro the corresponding T>x°- m odule. 

Set 

K r E°V T o = V x o ® /\ r T ® H ® V , KE°V r o = ® re% Tl r E V v o . 

These are free left X>x°- mo dules. 

Set degft r £°V r o = r. Define £> x o-linear maps d { : KE°V r o -> 1ZE°V r °, i = 0,1, of 
degree 1 and a Z>x°-linear map z/ : 7?. -E' Vro — > -E^Vro by the formulas: 

r ^ 

d 1 (1 ® ^ A ... A £ r ® U ® u) = ® 6 A A £ r ® cJ ® v, 

4 = 1 

do(l8(iA...A( r ®w 8 ®t)) = 5] /j rl ®Vi(6 A...A£ r )®uJ0<g)A J », 

jeJ(C) 

i/(l ® oJ0 ® ti) = oJ0®t). 
Here fj = is an equation of the hyperplane Hj. Set also d = &\ — do. We have 

d\ = 0, for i — 0, 1, c? ^i + ^i^o = 0. 
Theorem 4.11. The complex 

_ n- N E°V r o 4 ^- JV+1 J E°V r o 4. ■ • ■ ^ 7e £°V r o ^> E°V r o -> 
is acyclic and presents a free Vxo -module resolution of the Vxo -module E°Vr°- 
The theorem is proved in Section 
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4.8. Free resolution of quiver Dx-modules. In this section we generalize the result 
of the previous section and attach to a quiver V G Qui? an acyclic complex 

KEV : -> K~ N EV -> K~ N+1 EV ->...-> ft°£V -> £V -> 

of left Px-modules, where all K l EV are finitely generated free left Px-modules. This 
complex gives a free resolution of the quiver Dx- m odule EV. 

In the construction of the resolution we will use the following objects introduced in 
Section O _ 

For a G I(T), we will use the associated spaces T a = T a © F a , and Q a . For strata X a 
and X/3, X a D X^, we will use the inclusions 

p v p v 

Hp, a : /\F a /\ , ^ : /\T„ /\T Q . 

For a >- (3, f G Fp , £ G T a , we will use the linear maps 



For r = 0, . . . , —X, set 



(4.44) ^ r Ev = © v x ® A r r a ®n a ®v a . 

aei(r) ' v 

This is a free left Px-module. Set lZ r EV = for r > and r < —X. Set 

KEV = @ r& n r EV . 

For an edge (a, (5) G E(T), and r, 1 < r < iV, we define a linear map 

4£,a ■ f\T a ®Tl a ®v a ^ f\~ Tp®Tip®Vp. 

The construction of the map uses an edge framing {f a ,p,£a,p}, but the map does not 
depend on the choice of the framing. 
The map 

A i,a ■ /\ r r * ® n a © v a -> A" ^ ® ® ^ 

is defined as follows. For £ G T a , / G F a , ZJ a © t> a G f2 a © V a we set 
if a; >- /9 and 
if /3 >- a. 

Define the map A£ a for an arbitrary r. Let £ A / G f\ p T a A f\ r ~ p F a C f\ r T a and 

w a ®t) a efl tt © V Q . If a >- /3, set 

(4.45) A^d" A / © uJ a © u a ) = ) A / © np, a (uJ a ) © Ap >a (v a ), 
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— * 

where the polyvector / in the right hand side of (14. 45ft is considered as an element of 
/\ r p Fp by means of the tautological embedding fi a< p. If (3 y a, set 

(4.46) A r Pia (g A /® ZJ a ® u a ) = (-Iff A i^(/5 ® 7T Aa (a; a ) ® A^K), 

where the polivector £ in the right hand side of ( 14.46(1 is considered as an element of 
f\ p Tp by means of the tautological embedding fi a p. 

For % — 0, 1 , define Dx-hnear maps cfj : 1ZEV — > TZEV by the formulas: 

r ^ 
d\ (1 <g t\ A ... A t r <g aJ a <g> u a ) = £)(-l) i+1 *i ® *i A ...tj... A t r <g> u a <g f a , 

(4.47) i=1 

d (1 ® *i A ... A t r ® uj a ® v«) = ^ 1 A ... At r ® a; a ® t> a ), 

where ti E T a , ZJ a ® v a & Q a (g V^. Set 

(g> aJ a <g v a ) = . 

It is clear that d^WEV) C ft r+1 £V for i = 0, 1. 

Define a morphism z/ : TZ°EV — > i?V of Px-modules by the formula 

z/(l ®w a ® u w ) = oJ a <g v a . 

Proposition 4.12. 

(i) The maps di are commuting differentials, 

d\ = 0, for z = 0,l, d di + dido = 0; 

(ii) Set d = d\ — do- Then 

vd = . 

□ 

Denote by EV { ' ] the V x-module EV considered as a complex with the zero differential, 
concentrated in degree zero. Then, by Proposition 14. 12[ we can introduce two complexes, 

KEV : -> K~ N EV 7e _JV+1 EV • • • ft°£V -> , 

TZEV : -> U~ N EV tz~ n+1 ev • • • 7£°£V A^V^O 

with degT^.E'V = A;. The second complex can be considered as a morphism of complexes 
i/ : TZEV -> EV ( ) . 

The following statement is one of the main results of the paper. 

Theorem 4.13. For any quiver V G Quir, the complex TZEV is acyclic. 

The theorem is proved in Section [7( 

By Theorem 14.131 the complex TZEV gives a free Dx-module resolution of the T>x- 
module EV. Equivalently, the complex TZEV of free T>x modules is quasi-isomorphic to 
EV^'\ that is, the morphism v : TZEV — > -EV^ induces an isomorphism of cohomology 
groups of complexes. 
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Example. Let X = C 1 , C = {z = 0}. The graph T of the arrangement has two vertices, 
and a, 1(a) = 1, connected by an edge. Let V = {V$, V a , Aq, ;a , A*,©} be a quiver of T. 
The free £>x- m odule resolution TZEV of the quiver "D^-module EV is the complex 

TZEV : -> 7e _1 EV 7l°EV ^ EV -> 0. 

Here ft°£V is the free £> x -module_P x © H © V © £> x © H Q © V a . The term Tl^EV 
is the free Dx-module D x © T © fig © Vg © X>x ® © © V^, where T is the one- 
dimensional space C • 4- of vector fields with constant coefficients, parallel to X , F a is 
the one-dimensional space C • z of affine functions, vanishing at X a . The differentials rf, 
v are given by the relations: 

d(D® } — © ®v%) = D- -^-®dz®v%-D®\® A a ®(v%), 
dz dz 

d(D ©^©l©f a ) = D- z®l®v a -D®dz® A^ a (v a ), 
v(D © 1 © u a ) = D ■ (1 © u a ), ® dz ® v$) = D ■ (dz © u ) , 

for any D G -Dx, ^0 £ Vjj, f a G V" a . Here D - (1 ® t> a ) and D ■ (dz © v$) denote the 
application of D to elements of EV. 

4.9. Derived categories and derived functors. In the following we use the language 
of derived categories. Let us briefly recall necessary definitions and constructions, see e.g. 
[GMj . 

Let A be an abelian category. Denote by lCom(A) (resp. Kom b (A)) the category of 
complexes (resp. bounded complexes) over A with differential of degree one. Morphisms 
in both categories are morphisms of complexes, commuting with differentials: fd^ = dsf- 

For any complex A' G JCom(A) and n G Z denote by A[n]' the same complex with the 
shifted gradation, A[n] k = A n+k . For any object A G A denote by A^ the complex with 
zero differential, defined by the condition (A^)° = A and (A^) h = for k 0. 

A morphism of complexes / : A' — *■ B' is called a quasi-isomorphism, if it induces an 

isomorphism of cohomology groups H(A') and H(B-). It is denoted by /: A- q ^ B- . 
Morphisms /, /': A' — > B" are called homotopic, if there exists a map of complexes h: A' 
— > -B* of degree —1, (that is, a morphism h: A' — > JB[1]'), such that / — /' = hd^ + d^h. 

Denote by fC(A) (resp. JC b (A)) the homotopy (respectively, bounded homotopy) cate- 
gory of complexes over A. Objects of JC(A) (resp. JC b (A)) are objects of JCom(A), (resp. 
K.om b (A)). Morphisms are classes of morphisms of complexes modulo homotopy equiva- 
lence. 

The derived category D(A) is defined as the localization of the category JC(A) over the 
set of all classes of quasi-isomorphisms. The bounded derived category D b (A) is defined 
as the localization of the category )C b (A) over the set of all classes of quasi-isomorphisms. 

Objects of D(A) are complexes over A, and every morphism /: A' — > B' can be 
presented as a triple {C' G JC(A), f G Hom/c^) (A' , C' ) , /" G Hom/c(A)(B' , C')}, where 
/' is a class of quasi-isomorphisms. An analogous description holds for the bounded 
derived category D b (A). 

Let A and B be abelian categories and F: A — > B a left (resp. right) exact additive 
functor. It admits a natural extension to a functor F* : K(A) — > K(B) of homotopy 
categories. Usually it is denoted by the same symbol F. 
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A class Af of objects in Ob(A) is called adjusted to F if 

(i) It is closed under direct sums; 

(ii) The functor F' transforms acyclic bounded from below (resp. from above) com- 
plexes with graded components in Af to acyclic complexes; 

(iii) For any object A E A, there exists an object A' e Af and an inclusion a : A — > A' 
(resp. an epimorphism A' — > A). 

If a class Af of objects adjusted to F is chosen, then the right derived functor RF : 
D{A) — > (resp. the left derived functor LF : D(^4) — > D{B) ) is defined as follows. 

By (iii), for any complex A' G D(A), there exists a complex A'" over Af and a quasi- 
isomorphism : A* — > A'' (resp. a complex A"' and a quasi-isomorphism ^ : A"' A'). 
By definition, RF(A-) = F'(A'') (resp. LF(A-) = 

It can be proved that the derived functor does not depend on the choice of the class of 
adjusted objects. 

We keep the natural notation RF(A) = RF(A^) and LF(A) = LF(A^) for any object 
A e A. 

In most cases left and right derived functors admit well defined restrictions to bounded 
derived categories. It takes place, in particular, if any object A in A admits a finite 

resolution : A^ q —> A 1 ' over Af for the case of a left exact functor F (resp. admits a 

finite resolution : A'' — > A 1 -'' over Af for the case of a right exact functor F). It is 
always so in our considerations. 

For a smooth algebraic variety Y we denote by D b (Aiy) the bounded derived category 
of the category of coherent £V-modules. For a topological space Y we denote by D b (Y, C) 
the bounded derived category of the category Sh(Y, C) of sheaves of complex vector spaces 
on y. 

4.10. Duality of quiver r>x _m °dules. Let Y be a smooth algebraic variety over C 
and fly the sheaf of germs of top exterior differential forms on Y. The sheaf Qy is an 
invertible locally free sheaf of CV-modules of rank 1. Let fiy 1 be the corresponding inverse 
sheaf. Denote by V Y the sheaf V Y ®o Y ^y 1 - ft has two structures of a (locally free) left 
Dy-module. 

The first structure is given locally by the relations: 

(4.48) / • (d® Co) = df ®u>, £ • (d <g) u>) = -d£ ® Co + d ® Lie^(u>) , 

where f,d,Co are local sections of the sheaves Oy, F>y, and fiy 1 , respectively, £ is a vector 
field over Y and Lie^ is the Lie derivative in the direction of £. 

The second structure of a left V Y module on T> Y is given by the left multiplication of 
T> Y on itself: 

d\ * (g?2 <8> Co) — d\&2 <S> Co. 
Let M' be a complex of "Dy-modules. We set 

AyM- = RHom VY (M-,V Y )[dim Y] . 

This formula has the following meaning. The complex AyM' of left Py-modules is quasi- 
isomorphic to the complex Q' , where Q 1 is the sheaf 

Q l = Hom VY (p- i - dhnY ,V Y ) . 
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The complex P' is a complex of locally free left Py-modules, quasi-isomorphic to M' . The 
local Horn functor is taken between the left Py-module p- J ~ dim Y and the left Py-module 
T>y, considered with respect to the first structure. The structure of a left Py-module on 
Q l is induced from the second module structure on T>y as follows. Let be a local 
homomorphism <fi : p- l ~ dim Y _ > X>y, satisfying the condition (j)(d! ■ p) — d! ■ <f)(p) for any 
p G p-*- dim Y and d' G Dy. Then for any d G T>y, the local Dy-linear map d- <fr is defined 
by the rule (d ■ <j))(p) = d * 4>{p). 

It is known that if M is a holonomic Py-module, then H l (AyM ( - >) = for i ^ 0. 
The map M h-> i/°(AyM ( ' ) ) defines an exact contravariant functor .My' — > .My oi which 
we denote by the same symbol Ay. For any M G Aiy°\ the "Dy-module Ay(Ay(M)) is 
isomorphic to M. 

Let j : Z — > F be an open embedding of smooth algebraic varieties. Then, besides 
the functors j* : M.y — ► A^z and : .Mz — » .My of the inverse and direct images of 
T>-modules, the second direct image functor j\ D) : M h z ° l -> .My ' can be defined by the 
rule: 

(4.49) j'S D) (M) = Ayj;A z (M), M G .M| oi . 

It is the left adjoint functor to the functor j* : My 1 -> .M z °' . For any M 6 Mf , we 
denote by j\^\M) the image of j\ D \M) in j*(M) with respect to the natural map sj^: 
j'l (M) — > j*(M), induced by canonical transformations between the pairs of adjoint 
functors (j*, j*) and (jl D \ j*), see Section [3731 

Denote by j l}k< \ : M^l — > the direct image functor [ . It is left adjoint to 

the functor of inverse image j z * fc : M h x! -> AlJr*. For < jfej < A; 2 < fc 3 < JV, we have 

We use the notation j Q \ for the functor jV.o,! : M^o — > M^n = M h x . It is exact since the 
map X° is an affine variety [B]. For any M G .M^o, we denote by j 0j !*(M) the £>x-module 
(j^o)L D) (M). 

Theorem 4.14. 

(i) Lei Vpo be a level zero quiver. Then the following £~>xo -modules are isomorphic: 

A x o(£°(V r o)) « £°(r(V r o)) . 

(ii) Let V be a quiver ofT. Then the following Vx -modules are isomorphic: 

A X (E(V)) « S(r(V)) . 
The theorem is proved in Section [7J 

Corollary 4.15. Let Vpo = {V, A 1 } be a level zero quiver. Suppose that each operator A 1 
has a single eigenvalue. Suppose that Vpo has a non-resonant spectrum, see Section 
Then the following T>x -modules are isomorphic: 

j 0jl (E°(V T o)) « £(j .(V r o)) , 
joi*(^°(Vro)) « ^(Jo,!*(V r o)) . 
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Proof. The first statement follows from the definitions of the functors jo,! — {jN,o)\ and 
jr 0j! = j N)Q)U see ( KTM . (jQ5|l . and Theorem SH 

The canonical morphism s : Jo,!(Vr ) — > JJo,*(Vro), see (I3.16p . is determined by the 
collection of isomorphisms of adjunction 

aw r ,v r o : HomQ Uir (Wr,Jo,*(V r o)) -> Hom Quir0 (j*(W r ), V r o) , 

where Wr G Quir, and by the automorphisms r and tat. Analogously, for any M G A4x°, 
the canonical morphism s D ^ : j 0) \(M ) — > Jo,*(M ), is determined by the collection of 
isomorphisms of adjunction 

a M ,Mo '■ Hom A4x (M, j ,*( M o)) -> Hom^ (j'o(M), M ) , 
where M G Mx, and by the automorphisms A^o and Ax- By Theorem 14 . 1 41 and Theorem 
14.61 statement (ii), we have an equality Eso(lo,i(Vro)) = sjj (i£jo,i(Vro)), which implies 
the second statement of Corollary 14.151 □ 



4.11. Fourier transform of quiver X>x-modules. 

4.11.1. Let zi, ...,Zn be linear coordinates on X = C N and £i, £at the dual coordinates 
on the dual space X*. The assignment 

d d 

for i = 1, . . .,N, defines an isomorphism of the rings Dx* and Dx called the Fourier 
transform. The Fourier transform defines a functor from the category M.x to the category 
M x *- 

Let C = {Hj},j G J(C), be a central arrangement of hyperplanes in the vector space 
X = C N . Let T be the graph of the arrangmeent, V a quiver of T, and EV the associated 
quiver D^-module. In this section we shall discuss how to describe combinatorially the 
Fourier transform of EV. It turns out that the Fourier transform of EV is the quiver 
"Dx* -module associated with a suitable line arrangment in X*. 

First we shall describe the line arrangment. Then we shall introduce quivers associated 
with the line arrangment. Then we shall describe the Fourier transform of EV. 

4.11.2. Let C = {Hj},j G J(C), be a central arrangement of hyperplanes in X = C . 
Then the one-dimensional subspaces Hj~ G X*, j G J(C), form an arrangement of lines 
in X*, denoted by C L . 

The arrangement C defines on X* the structure of a stratified space. The strata of 
X* are labeled by vertices of the graph T of the arrangement C. For a G /(T), the 

closed stratum X* a C X* is defined to be the subspace X a . Equivalently, if X a C X is 
the intersection of hyperplanes Hj,j G J a , then X a is the sum of the one-dimensional 
subspaces Hj~, j G J a . 

Clearly, the adjacencies of strata in X* are described by edges of Y. Thus the adjacency 
graph of the stratified space X* is naturally isomorphic to the adjacency graph Y of the 
stratified space X. 
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4.11.3. Having a quiver V = {V a , A a} p} of the graph T of the arrangement C, we shall 
construct a Px*-module denoted by EV and called the quiver T> 'x* -module associated with 
the line arrangement C ± and quiver V. 

Remark. All our previous constructions were associated with T> modules on X. This is 
the first construction which considers P-modules on the dual space X*. 

The construction of the Px*-module EV is analogous to the construction of the T>x 
module EV in Section fl~2l Namely, the X>x*-module EV is the quotient of the free sheaf 
7Z°EV = T>x* ®c (®ae/(r)^« ® V a ) of £>x*- m odules over its subsheaf IZ'EV of coherent 
X>x*- m odules, whose global sections are the following global sections of 1Z°EV: 

(i) the sections 

U £ (g> UJ a (g) V Q - 22 {£, f/3,a) U <g) -Kp^a) ® A^ a {v a ) , 
/3, a yf3 

where a G /(T), u ®uJ a ® v a G -Dx* ®c ® and £ G T a , 

(ii) the sections 

uf®U a ®V a - *22 /) M ® n P,a(Fa) ® ^/J,a(^a) , 

where a G /(T), m <8> aJ a ® u Q G -Dx* ®c ® Vq, and f <E F a . 
Here f2 a denotes the one- dimensional space of the top degree holomorphic differential 
forms on X*, invariant with respect to translations along X*, and {f/3 iCn £,a,/3 \ 0£,(3 G 
/(r), a y (3} is an edge framing of C 1 - . 

It is easy to see that EV does not depend on the choice of the edge framing. 

4.11.4. Given a quiver V, denote by V the quiver V = {W a , B a ^}, where W a = V a and 
B a ,p = e(/3,a)A a ^. 

Proposition 4.16. The Fourier transform of the quiver T>x -module EV is isomorphic to 
the quiver Vx* -module EV. 

The proof is by easy calculations. The choice of the isomorphism depends on the choice 
of a top degree differential holomorphic form on X*, invariant with respect to translations. 

Remark. The constructions of Section [4.111 show that quiver ©-modules can be defined 
not only for hyperplane arrangements but for central line arrangements as well. It is easy 
to see that the quiver D-modules of line arrangements are all holonomic with regular 
singularities. They admit an explicit free resolution and have all nice properties of quiver 
"D-modules of hyperplane arrangements. 

5. Quiver perverse sheaves 

5.1. Perverse sheaves over analytic varieties. Let Y be a smooth analytic variety 
over C of dimension N. Let S be a stratification of Y by smooth subvarieties, satisfying 
equisingularity conditions. It means that Y is presented as a finite disjoint union of strata, 
such that the closure of each stratum is a union of strata, and for any stratum S and any 
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points x,y G S, there exists a diffeomorphism of Y, preserving the stratification and 
such that (p(x) = y. 

Denote by Y k , k = 0, 1, the closure of the union of all strata of codimension k. The 
subspaces Y h form a filtration: 

Y = Y° D Y 1 D • • • D D F JV+1 = y w+2 = ... = . 

A complex JF of sheaves of vector spaces with differential of degree one is called a perverse 
sheaf with respect to the stratification if it satisfies the following conditions on supports 
of its cohomology groups [GMcJ : 

(5.1) supp H~ N±k (F) C Y k 

for all k = 0, 1, ... . A complex of sheaves T G D b (Y, C) of vector spaces over Y is called 
a perverse sheaf if it is perverse with respect to some stratification of Y, satisfying the 
conditions above. 

Any continuous map j : Y\ — > Y 2 of topological spaces determines the functor j" : 
Sh(Y 2 , C) — > Sh(Yx, C) of inverse image and two functors j. : Sh(Yi, C) — > Sh(Y 2 , C) and 
ji : 5/i(lx,C) — > S , /i(F 2 ?C) of direct image. 

For any sheaf Q G Sh(Y 2 ,C) and a point y\ G Yi, the stalk j'Q yi of at yi G K x is 
the stalk Gj( yi )- For any sheaf G Sh(Yx, C) and an open [/ C I2, the sections T(U, j.J 7 ) 
of j.jF are 

(5.2) T{U,j.F) = T(j-\U),f) . 

The sections T(U,j\J-) are those sections s G r(j -1 ([/), J 7 ), for which the map j : 
supp(s) — ► t/" is proper. 

Both functors j. and ji are left exact. The functor j* is exact. Denote by 
Rji : D\Y 1 X) ^' D b (Y 2 ,C) and : D b (Y 1 ,C) -> D 6 (Y 2 ,C) the corresponding de- 
rived functors. 

For a topological space F denote by Ay : D b (Y,C) — ► _D 6 (F, C) the Poincare-Verdier 
duality, 

Ay(.F) = Ri7om(f,D y ) , 

where Dy is the dualizing complex. For a smooth complex analytic variety Y the dualizing 
complex is isomorphic in D b (Y, C) to the shifted constant sheaf: 

Dy = Cy[2dim C Y] . 

For any T G D (Yi, C) there is an isomorphism in D b (Y 2 , C): 

Rji « A Y2 Rj.A Yl . 

Equalities (15.21) determine isomorphisms of adjunction 

: Hom s/i( y 2iC) (^ ^ Hom Sh (y ljC )0''(^)> ^3 > 

which extend to isomorphisms of adjunction in derived categories, 

ag,^ : Hom D 5 ( y 2iC) (C?, Rj.(F)) ~* Hom Di > ( y lC) (j-(£), J 7 ) , 

with respect to which the functor Rj m : D b (Yi,C) — > -D fe (Y" 2 ,C) is right adjoint to the 
functor j- : L> 6 (y 2 , C) -> D 6 (Ki,C). 
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If the map j : Y\ — > Y2 is an open embedding, then the functor j\ is exact, and its 
extension to derived categories: j\ : D b (Yi,C) — ► D 6 (Y2,C) is left adjoint to the functor 
of inverse image j- : D b (Y 2 , C) -> £> 6 (^ C) . 

Let j : Yi — > F2 be an open embedding of a smooth affine variety Y\ to a smooth 
algebraic variety Y%. Denote by the same symbol j : Y^ n — > Y" 2 an the corresponding map 
of complex analytic varieties. Then the functors and ji map perverse sheaves to 
perverse sheaves. In this situation the MacPherson extension j 1 * (J 7 ) of a perverse sheaf 
T over Y"/ 1 ™ is defined as the image of j\ T in Rj % T with respect to the canonical map 
Sj : j\ (JF) — > Rj^J 7 ), determined by the two pairs (j - , and (J\ ,j') of adjoint functors, 
see Section 13.31 The MacPherson extension is a perverse sheaf over Y" 2 an whose restriction 
to Y® n is isomorphic to JF in the category D b (Y® n , C). 

5.2. De Rham functor. Let Y be a smooth algebraic variety over C. Denote by Y an 
the same variety considered as an analytic variety. Denote by (9y n the sheaf of analytic 
functions on Y an and by T>y n the sheaf of rings of differential operators on Y an with ana- 
lytic coefficients, Py n = Oy 1 ®o Y T>y. We assign to any Py-module M the corresponding 
^-module M an , 

M an = O on ^ M _ 

The sheaf fly of top exterior forms on Y has a structure of the right Py-module. 
Differential operators of degree zero (functions) act on the top forms by means of point- 
wise multiplication and vector fields act by means of minus Lie derivative: 

(5.3) to ■ f — fu , oj ■ £ = — Lie^(uj) . 

Here / G Oy, uo G fly, £ is a vector field on Y. 

Let M be a coherent V>y module. Then the assignment M n y l ®p™M an defines 
a functor from the category My of coherent Py-modules to the category Sh(Y an , C) of 
sheaves of complex vector spaces over Y an . This functor is right exact. 

The left derived functor of this functor is called the de Rham functor: 

(5.4) DR : D b {M Y ) -> D b (Y an , C), DR(M') = tt™ ® V an (M") an 

To calculate the de Rham functor DR(M'), the class of free Py-modules can be used: 
if M' is a complex of free Py-modules quasi-isomorphic to M' , then 

DR(M') = VL™® VT (M-) an . 

Another possibility is to replace the right Py-module fly by its free Py-resolution fl Y , 
then 

DR(M-) = {Vty) an ® VT {M-) an . 
A free Dy-resolution Q Y °f the right Dy-module Qy looks as follows: 

(5.5) -> Vy -f n y ® 0y Vy -> ► fiy _1 ®O y £>Y -> fiy ®O y Vy -f fi^ -> 

where A" = dim F, f2 y is the sheaf of exterior /c-forms over V. In local coordinates 
Zi, . . . , Zn-i the differential is 

- d 

(5.6) d(uo®D) = du®D + > (dzj Aw)® — D . 
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Here u G fly, D G V Y . 

Let M be a coherent "Dy-module. Then, due to (15. 5p . the complex of sheaves 
DR(M) = DR(M^) is isomorphic in V b (Y an ,C) to the complex 

(5.7) -> M an -> (fi y ) an ® - M an -f ► (n?) an ®o^ M an -> 

where deg ( (Qy an <8e>£,™ M an ) = —A; and the differential is induced from (15.61) . 

Example. Let Y = X° be the complement to the arrangement C in X = C N . For each 
quiver V r o = {V,^} G Qui r o, the £> x °-module E°V T ° is a finitely generated free Oxo- 
module. By the Poincare lemma the cohomology groups of the complex (15.71) in this case 
are nonzero only in degree — N. Thus we have an identification in D b (Y an , C): 

(5.8) DR(E°Vro) ~ CV^N}^ 

where CVro is the locally constant sheaf (local system) of flat sections of the corresponding 
connection (Qgjl . and C[N}' means the shift of degree by N, C[N} k = C N+k . 



5.3. De Rham complex of a quiver Dx _m °dule. For any quiver V G Qui, denote 
by QV the tensor product over T> a £ of the right D^-module VL^ and the complex of left 
DSP-modules TZEV an : 

(5.9) QV = Vl™ ® VT TZEV an . 
Theorem 14.131 implies 

Corollary 5.1. Let V G Quir be a quiver ofT. Then the de Rham complex of the quiver 
T>x-module EV is isomorphic in D b (X an ,C) to the complex of sheaves QV. 

Due to the description in (I4.44p and (14.471) of the resolution 7ZEV, we get the following 
description of the complex QV : — ► Q~ N V ■ ■ ■ —> Q°V° — ► with deg Q r V = r: 

(5.10) Q r V= © fix 1 ® ( t\ T T a ®H Q ®V a ) 

aei{r) V x / 

with differential d = d\ — d , where 
(5.11) 

r 

di (u (g ti A • • • A t r (g> uj a <g f Q ) = l) l+1 (^) • £j <g £i A . . . U ■ ■ ■ A t T g) ZJ Q (g t> a , 
c? (a> (g ti A • • • A t r g) cJq, g) u„) = XI a; (g a (ti A • • • A t r <g aJ a <g u Q ) , 

/3, (a,/3)e£(r) 

for uj G fi^p, G T a , cJq, (g v a G f2 Q g) V^. 
Analogously, Theorem 14.111 implies 

Corollary 5.2. For any T° quiver Vt° = {V, A 1 }, the de Rham complex DR(E°Vro) is 
isomorphic in D b (X°' an , C) to the complex QVy-o = VL°£ ®v a ™ TZE°Vp} , where 

Q r v r0 = n%> ® (f\ r T ® H g) 7) , 
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and the differential is d = d\ — do, 

r ^ 

A--- A£ r ®uJ ®<u) = E(-!) i+1 M • & ® 6 A . . . & • • • A £ r ® cJ ® v , 

i=i 

do(w®6 A ••• A£ r ®u70®t>) = E w " Z, 7 " 1 ® «/ 3 (6 A ■ • ■ A ( r ) ® aJ e ® ^-(i;) . 

jeJ(c) 

Notice that this complex is isomorphic in D b (X 0,an , C) to the complex (15. 7p . 



5.4. Quiver perverse sheaves. It is known [K2l IMb[ IB"] that for any smooth algebraic 



variety Y, the de Rham functor transforms holonomic Py-modules to perverse sheaves. 
Moreover, if M is a holonomic Py-module such that its singular support ss.M belongs 
to the union of conormal bundles of nonsingular subvarieties Zi G Y, 



88.MC f]T%Y 



then the complex of sheaves DR(M) is a perverse sheaf with respect to any equisingular 
stratification of Y an , such that each Zf n is a union of strata. 
Corollary 15.11 and Proposition 14.21 imply 

Proposition 5.3. Let V G Qui be a quiver of V . Then the complex of sheaves QV defined 
by A5.9\) is a perverse sheaf on X an with respect to the stratification {X® n , a G /(T)}- 

Analogously, for any Y°-quiverVv° G Qui^o, the complex of sheaves QVro is a perverse 
sheaf over X 0,an , isomorphic in D b (X 0,an , C) to the shifted by N locally constant sheaf 
CV r o[N], see g 



The de Rham functor respects the duality and all of the functors of direct and inverse 
image. In particular, for a smooth complex algebraic variety Y and M G .A4y oZ , we have 
[KTjlB] 

(5.12) DR(A Y (M)) « A Y an(DR(M)) , 

For an open embedding j : Yj. — > Y% of a smooth affine variety Y\ into a smooth algebraic 
variety Y 2 , any M 1 G My* and M 2 G My 2 , we have 

j-(DR(M 2 ))ttDR(f(M 2 )) , 
Rj.{DR{Mi)) « DR{j*{M\) , 

(5 ' 13) jKd^mojw^CjS^cmo) , 

ju{DR{M 1 )) « Dfl0l?(M0) 

Corollary 5.4. 

(i) Lei Vro &e a /ewe/ zero quiver. Then we have in D b (X 0,an , C): 

A x o, an (DR(E°(V r o))) « Di2(E°(r)^o)) . 

(ii) Lei V = {V^A^} G Qwi 6e a quiver ofT. Then we have in D b (X an ,C): 

A X an(DR(E(V))) « DR(E(tV)) . 
Proof. Both statements follow from Theorem 14.141 and relation (15.121) . □ 
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Corollary 5.5. Let Vpo = {V, A 1 } be a level zero quiver. Suppose that each operator A 1 
has a single eigenvalue and Vro has a non-resonant spectrum, or suppose that all operators 
A 1 are close to zero. Then the following perverse sheaves are isomorphic: 

R(j ).DR(E°(V r °))ttDR(E(soAVr°))) , 
(^rDRiE (V r o)) « DR{E (j 0l! (V r o))) , 
( 3o ) u DR(E°(V TO )) « Di2(S(j 0)! »(^o))) . 

Proof. The first statement follows from Corollary 14.71 and relation (15.131) . The second 
and third statements follow from Corollary 14 . 1 5 1 and relation ( 15.131) . □ 

5.5. Cohomology groups of C N with coefficients in quiver perverse sheaves. 

We consider X = C N as an analytic variety. For a quiver V, the complex QV is a complex 
of free (9x-modules. The affine space X = C N is a Stein space, 

H k {X,O an ) = 0, for all k + . 

Hence the (hyper) cohomology groups of X with coefficients in the complex QV of sheaves 
are isomorphic to the cohomology groups of the complex QV = T(X, QV) of global 
sections of QV: 

(5.14) H k {X, QV) ~ H k (QV) ■ 

Theorem 5.6. Let C be a central arrangement (that is all hyperplanes of C contain 
G C ). Let V G Qui-p be a quiver with all linear maps A a ^ of the quiver close to zero. 
Then the complex QV of global sections of the complex h5.10\) - [5.11\) is quasi-isomorphic 
to the shifted by N quiver complex C + {V) , introduced in /IS. 1\) - [3J$) : 



W *~ C + (V)[N) . 

Note that C + (V) is a finite dimensional complex. 
The theorem is proved in Section [TJ 

Theorem 15.61 and the isomorphism in (I5.14p imply the following statement. 

Corollary 5.7. Let C be a central arrangement and V G Qui? a quiver with all linear 
maps A a ^ close to zero. Then for any k G Z ; 

H k {X,DR{EV)) ~ H k (X, QV) ~ H k+N (C+(V)) . 

Let X° denote the complement to C in C N . For a local system C on X° introduce the in- 
tersection cohomology groups IH k (X , C) as the cohomology groups H k ~ N (X, (j ) [„,£[7V]) 
of the MacPherson extension of the perverse sheaf C[N] G D b (X°,C), 

(5.15) IH k (X,C) = f H k - N (X, {j )uC[N}) . 

Let CV denote the local system of flat sections of the connection (I4.38p . 

Corollary 5.8. Let V = {V, A 1 } be a level zero quiver of a central arrangement C . Assume 
that all operators A are close to zero. Then for any k 6Z, 

H k (X°,CV) ~ H k (C + (i ,*V)) , 

IH k (X,£V) - H k (C + (j ,uV)) . 
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Proof. The conditions on operators A 1 imply that the quiver V has a non-resonant spec- 
trum and Corollary 15 .51 can be applied to the quiver So^V. By f )5.8p . CV ~ DR(E°V)[— N] 
and 

H k (X°,CV)-H k (X,R( 3o )CV) ~ F fc (X, J D J R(j ,*V)[-iV]) ~ H k (C + (j ^V)) , 
IH k (X,CV)-H k - N (X,( Jo ) u CV[N]) ~ ff*-"(X,Di*(j 0iU V)) ^ F fc (C + (j 0> V)) . 

The second isomorphism in both lines is due to Corollary 15.51 the third isomorphism in 
both lines is due to Corollary 15. 71 □ 

Example. Let C be a central arrangement in X. Let Oj, j G h{C), and k be complex 
numbers. Consider the trivial bundle C x X° — > X° with the connection given by the 
differential one- form ^ ^ a« Here /j = is the equation of the hyperplane Hi of C. 
Let LV be the local system of flat sections of the connection. 

Let V = {C, A 1 } be the one-dimensional level zero quiver of T , where A 1 ' : C — > C is 
the operator of multiplication by a^/ k. 

Let (.A'(C), d a ) be the Aomoto complex, defined for C in Section [231 Let (S a (J-'(C)), d a ) 
be its subcomplex of flag forms. 

By Corollary 15.81 for \k\ ^> 1, we have 

H-(A-(C),d a ) ~ F-(Z°,£V) , H-{S a {r(C)\d a ) ~ W(X,C) . 

Here if"(X°,/^V) are the cohomology groups of X° with coefficients in the local system 
£V and IH'(X , £V) are the intersection cohomology groups of X° with coefficients in the 
local system £V. 

We see that the calculation of cohomology groups of X with coefficients in the perverse 
sheaf associated with the quiver MacPherson extension of a level zero quiver Vpo gives a 
topological meaning to the complex of the flag forms. One of the aims of this paper was 
to give a topological meaning to the complex of flag forms. 



6. Equivariant structures 

6.1. Arrangement with a group action. Suppose a finite group G acts on X = C N 
by affine transformations Lx{g) : X —>■ X preserving an arrangement C. This means that 
G acts on the set J{C) so that Lx{g)(Hj) = H g u\ for g G G, j G J(C). 
The action of G preserves the principal open subsets X n . 

The group G naturally acts on the graph F of the arrangement and on the truncated 
graphs T n . 

The G-action on X induces a G- action on the ring Dx- For an affine transformation 
L : X — > X, the associated automorphism Lj^ x : Dx —> Dx is defined by the formula 
Ln x {f)(z) = f(L -1 z) for a function / on X, and by the formula Ld x (rj) (z) = dL-rj^L^ 1 z) 
for a vector field rj. Here dL is the derivative of L. 

For g G G, the transformation Lr> x (g) : Dx — > Dx preserves the space F of affine 
functions on X and for a G I(T), maps the subspace F a C F to F g ( a y 

The transformation La x {g) preserves the space T of vector fields on X with constant 
coefficients and for any a G I(T), maps the subspace T a C T to T g ( a y 
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The G-action on X induces a G-action on the algebra £l* x of differential forms. For 
an affine transformation L : X — > X, the associated automorphism Lq* x : Q* x — > Q* x is 
defined by the formula Lq x (lu)(z) = ((dL) t )^ 1 (uj)(L^ 1 (z)) for w E il x . 

For g E G and « e the transformation Lf^(g) maps fi Q to 

6.2. Equivariant quivers. An equivariant quiver (or a quiver with a group action) 
= A*,/?, L Va (g)} is a quiver V = {V a ,A a ^} together with a collection of lin- 
ear maps L Va (g) : V a — > V^( a ), for a E I(T) and g E G, such that for a,f3 E I(T), we 
have 

. Lv^WLvvitf) = L Va (g'g"), 

. Lv.Gr 1 ) = {L Vg _ 1{a) {g))-\ 

• L Va (g)A a ^ = A g ( a ) t g(p) L Vf3 (g) . 

In the same manner we define level / G-equivariant quivers. 

Denote by Qui G = Quir,G the category of G-equivariant quivers, by Qui T i G the cate- 
gory of level / G-equivariant quivers and by M l : Qui T i G — > Qui T i the forgetful functor, 
which assigns to an equivariant quiver Vr*,G the same quiver with no morphisms of group 
action. In this case we will use notation for the quiver M 1 {Vy 1 g)- 

Let V r i q = {V a , A a> p, Ly a (g)} be a level / equivariant quiver. Then for k < I, the 
collection of maps L Va (g) : V a — > V a , for g E G and a E I(T k ), determines a group action 
on the level k quiver J* fc (VrO- 

This assignment determines a functor f lk G : Qui r i G — > Qui T k G . This functor commutes 
with forgetful functors, 

The functor J;* fcG : Qui^i^G ~* Q u ^r k ,G admits left and right adjoint functors. Let 
J z k * g '■ Q u ^G k ,G ~^ Q u ^G k ,G be the right adjoint functor to f lk G . Let s l k , G : Qui G k G — > 
Qui G k G be the left adjoint functor to Jj* feG . We have 

^ J /ifc ,,, G = j,, m A/" fc , A/"' j Jifc)ljG = s w A/" fc . 

6.3. Equivariant quiver "D-modules. Let X be a topological space. Any homeomor- 
phism a : X — > X determines an exact functor a" : Sh(X, C) — > Sh(X, C) of inverse image 
of sheaves of vector spaces, which can be described as follows. The fiber a'T x of the sheaf 
a'T at a point rr E X is the fiber T a ( X ) of J 7 at the point a(x), and for any morphism 
<f : T — > ^ of sheaves over X the map of fibers a"</?(:r) : a"^ — > a"^ coincides with the 
map <p(a(x)) : .F a ( x ) -> </ o(a .). 

Suppose a finite group G acts on X by homeomorphisms L x (g). For JF e Sh(X,C) 
and g E G, denote by .F 9 the sheaf (L x (^)- 1 )-J^. A sheaf J 7 G Sh(X,C) is called G- 
equivariant, if for g E G, a morphism Ljr(g) : JF — > JF 9 is given such that 

• L r92 {g 1 ) L T (g 2 ) = L T {g x g 2 ) , 

• L^ig' 1 ) Arte) = 

Here the morphism of sheaves Ljr a2 (gi) : JF 92 — > (JF 92 ) 91 is defined by the relation 
L^ 2 (gi) = L x (g2 1 y(Ljr(g 2 1 g 1 g 2 )) . 

In other words, an equivariant sheaf is a sheaf T E Sh(X, C) and a collection of linear 
maps L{jr c/}(fiO : r(C/, JF) — > T(L x (g)(U), JF), attached to any open set [/ C X and an 
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element g G G, such that 

L{T, L x (g 2 )(U)}(9l) L{T, U}(92) = £{JF, U}(9l92) , 
L{f, L x (g)({/)}(^ _1 ) L{jr t u} (g) = Id T (U, F) ■ 

One defines similarly a G-equivariant complex of sheaves of vector spaces. 
Denote by Sh(X, G, C) the category of equivariant sheaves over X and by D b (X, G, C) 
the corresponding bounded derived category. 

Assume that a finite group G acts on a smooth complex algebraic variety X by algebraic 
automorphisms Lx{g)- Then the sheaves Ox, ^xi anc ^ are equivariant sheaves. The 
morphisms L{v x , u}(d) an d L{ 0x , u}(d) are defined by the relations 

L{v x , u}(g)(f)(x) = L {OX) u}(g)(f)(x) = f(L x {g~ l )(x)) , 

L { v x , uy(g)(v)(x) = &Lx{g){ri){Lx{g~ l ){x)) , 

where / is a function and rj is a vector field on U. The morphisms -^{c^, u}{g) are defined 
by the relations 

(6-1) L {n * XjU} (g)(u;)(x) = ((dL x (g)) t )- 1 ^)(L x (g- 1 )(x)) 

for one-forms to. 

A sheaf M of P^-modules is called G-equivariant if it is equipped with a structure of an 
equivariant sheaf, such that the maps L{ Mi u}(g) respect the structure of the I^-module. 
This means that 

L{ M , u}(g)(d ■ m) = L {Vx , u}(g)(d) ■ L {M) u} {g){m) , 

for any m G T(U,M) and d G F(U,T>x)- In particular, the space F(X,M) of global 
sections is an equivariant module over the ring Dx = T(X,T>x)- Denote by M.x,G the 
category of equivariant coherent Py-modules. 

If X is an affine space and M is a coherent Px-module, then the equivariant Dx-module 
of its global sections determines M as an equivariant P^-module. 

The sheaf Ox is an equivariant left X>x- m odule. The sheaf Qx of top exterior forms is 
an equivariant sheaf of right P^-modules. 

Let Vq = {V a , A at/ 3, L v (g)} G Quir t G be a G-equivariant quiver of T. Denote by 
V = J\f N {yc) the same quiver with no group action. We equip the D^-module EV with 
a structure of a G-equivariant P^-module in the following way. 

Choose an edge framing {f a> p, £ Ql/ 3} of the arrangement C. Then the P^-module EV 
is defined as the quotient of the left free D^-module 1Z° EV = © a e/(r)^x <8> Q a ®V a by 
the submodule 1Z°EV', whose global sections are given by (14.251) and ( 14. 26ft . For g G G, 
define a map L n o EV (g) : 1Z°EV -> {K°EV)' J by the formula 

(6.2) L {n o EVj x}(g)(d®uJa®v a ) = L Dx (g)(d) (g) L Ua (g)(uJ a ) ® L Va (g)(v a ) 
for a G I(T) and d®W a ® v a G D x <8> & a ® K*. 
Proposition 6.1. 

(i) TTie maps / tg.^j) determine a G-equivariant structure on the free T>x-module TZ°EV. 

(ii) The sub sheaf 1Z° EV' is invariant with respect to the maps L-RPEvig)- 
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(iii) Denote by Lev(q) the maps, induced by the action of the maps Lno EV (g) in the quo- 
tient space EV. Then the maps Lev{9) '■ EV — > EV 9 determine a G-equivariant 
structure on the quiver V x -module EV. 

□ 

By Proposition 16.11 we have a functor Eg : Quia — > M.x,G from the category of 
equivariant quivers to the category of equivariant £>x- m odules. 

For a nonnegative n, let Vr«,G — {Va, A a> p, A@, L v (g)} G Qui-^c be a level n G- 
equivariant quiver. Denote by Vr« = A/""(Vr«,G) the same quiver with no group action. 
We equip the sheaf E n Vr^ of £>x™- m odules with a structure of a G-equivariant sheaf of 
T>x n -modules as follows. 

Let T n = {fa I ol G J n+ i(r)} be a level n vertex framing and Uj? n the corresponding open 
subset of X n , see Section 12.31 The £>x™-module E n Vr« is defined as the quotient of the 
free sheaf TZ°E n Vr^ = T>x n ®<c (©ae/(r n )^a ®V a ) of D^n-modules by its subsheaf TZ'E n Vr^ 
of coherent T>x n -modules, where the sections T(Ujr n , TZ'E n V^n) of the sheaf TZ'E n Vr^ over 
Uj? n are given by formulas (14.33}) ( H.35I) . 

For g G G, define a morphism L n o E ny Tn (g) : TZ°E n Vr" — > (T^-E^Vr™) 9 by the formula 

(6.3) £{7?°E™v r »,x»}(#)(d® u a ®t) a ) = L Dxn (g)(d) ® Ln^ (sO(aJ a ) ® ^Va(fl')K) 

for any a G /(r n ), and d (g> uJ a (g) t> Q G fjn <g> f2 Q (g> V a . 

The transformation Lx (p) transforms a level n vertex framing T n to the level n vertex 
framing J 79 = {f 9 }, where f 9 (x) = f g ( a )(g~ 1 x). The transformation L x (g) maps the 
subset Uj7 n to the subset Uj*. Formula (16. 3p induces the maps 

(6.4) V^VW, ^ n }(</) : r(Ur n ,K°E n Vrn) - r([/f n , ft°£rv r «) • 
Example. 

Let Vr°,G — {V, A 3 ', Ly(g)} G QiMr°,G be an equivariant quiver of level 0. It means, in 
particular, that linear maps A 3 : V — > V, as well as linear maps A J g = Ly(g)A J Ly(g)^ 1 
for each a G -^(r), j >- a, satisfy the relations 

[A*, £ A*] = , [4, ^ 4] = . 

The associated equivariant X ) x - m °dule E^Vr^G is generated by the vectors uj$®v, where 
oj% = dziA. . .Adz N and v G V, subject to the relations (I4.37p . The group action is defined 
by the relation 

L E %v r0 G {9){^®v) = L Q * x0 (g)(u) <g> L v (g)(v) . 

This module is isomorphic to the Px°- m °dule, associated to the flat connection (I4.38j) 
in the trivial bundle on X° with fiber V. The group G acts in the space of the global 
sections of the trivial bundle L by the relation 

(6.5) L h (g)(f®v) = L Ox0 (g)(f)®det G (g)-L v (g)(v) . 

Here / G Ox®, v G V and det^ is the one-dimensional representation of the group G in 
the space Q®. 
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Proposition 6.2. 



(i) The maps (6.4 ) determine an equivariant structure on the sheaf TZ°E n Vr^ of 
T>x n -modules. 

(ii) For g G G, the map L^ n o E n Vr7l: Uf \(g) maps the subspace T{U^ n ,7l'E n Vr") C 
T(U Tn ,n°E n V r n) to the subspace V{U 9 ^1l' E n V V n) C T(U^ n , TZ°E n V T n). 

[in) Denote by L E n Vrn (g) the maps, induced by the action of L-RO E n Vrn (g) on the quo- 
tient sheaf E n Vr n - Then the maps L E n Vrn [g) determine an equivariant structure 
on E n V r ™ ■ 

□ 



By Proposition 16.21 we have a functor E G : Quir^^c ~~ ► M-x n ,G from the category of 
level n equivariant quivers to the category of equivariant sheaves of Pxn-modules. 

Since the map ji }k '■ X k —>■ X 1 is an embedding of G-invariant open subsets of X, 
the functor j£ k of inverse image of .D-modules admits the canonical extension to the 
functor j* kG ■ M.x l ,G ~~ > M.x k ,G °f inverse image of equivariant £>-modules. We define 
the functors ji : k,*,G '■ M-x k ,G ~ > ^x 1 ,g an d ji,k,*,G '■ M x i,g ~^ -M-x 1 ,g as right and left 
adjoint respectively to the functor jf k G . We have forgetful functors M n : M.x n ,G ~ > M-x n 
and the functors of direct and inverse image of equivariant P-modules commute with the 
forgetful functors. 

Equivariant versions of Theorems I4.5l and l4.6l are valid. For any k < I and an equivariant 
level I quiver V G k tG , we have an isomorphism 

E G {f lAG {V &>G )) ~ ji k , G (E l G (V G *, G )) ■ 
For any k < I and an equivariant level k quiver V G k G , such that the quiver direct image 
J«,fc,*(A/' fc (VGfc i G')) is strongly non-resonant, we have an isomorphism 

&*(£g(V g *, g )) ^ E l G (Ji,k,*AV G *, G )) ■ 

Let Vq = {V a , A a< p, L v (g)} G Quir,G be an equivariant quiver and V = J\f N (V G )- 
Define an equivariant structure on the free D^-module 1ZEV = ®^ =0 T^ r EV, where 

n r Ev = © v x ® A _r r a ® n a ® v a , 

ae/(r) ' x 

see fTCTD . We define the map L n r EV (g) : VJEV -> (K r EV) 9 by the formula 

L{u-ev, x} (g) (d®T®lj a ®v a ) = 

= l d x (g) (d) <g> /\ L Dx (g) (r) <g> L n * x (g) (uJ a ) <g> Ly a (#) (v a ) , 

for a G I(r n ), and d ® f ® EJ Q ® w Q G £>x ® A~" X* ® H a ® 14. 
Proposition 6.3. 

(i) T/ie maps L-jir EV [g) determine an equivariant structure on the T>x-module lZ r EV 
and commute with the differentials do and d\ defined in ^.J^l ), 



di LiirEv(g) = L nr +i EV (g) di , 2=1,2. 

(ii) The maps L-jir EV [g) and L E y(g), determine an equivariant structure on the com- 
plexes 1ZEV and 1ZEV of sheaves of T> x -modules. 
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□ 

Denote by IZEVg and IZEVg the complexes 7ZEV and 1ZEV equipped with the equi- 
variant structures described above. 

Proposition 16.31 implies that for any equivariant quiver Vg, the complex IZEVg presents 
a free resolution of the equivariant £">x-module Eg(Vg) in the category of equivariant T>x- 
modules. 

In particular, equivariant counterparts of Theorem 14.141 and Corollary 14.151 are valid. 
Namely, for any level zero equivariant quiver Vgo,g — {V, A 1 , Lv{g)} with non- resonant 
spectrum the following equivariant £">x- m odules are isomorphic : 

J0,\,g(Eg(Vf<\g)) ~ ^G(jo,!,G(V r o, G )) , 

jo,\*,G(E G (Vr°,G)) ~ ^G(j0,!*,G(V r o, G )) . 

6.4. Equivariant quiver perverse sheaves. Let X be a complex algebraic variety 
equipped with an algebraic action of a finite group G. Then the sheaf of top exterior 
analytic forms on X is the right equivariant T>x-module with respect to the action (15. 3p 
and equivariant structure (I6.ip . For any M G M.x,g the diagonal action of G on sections 
of the sheaf fi^ 2 ®x>a« {M) an equips this sheaf with an equivariant structure. The 
assignment M t— > ®x> an (M) an defines a functor from the category M.y,g to the 

category Sh(X an , G, C). The left derived functor to this functor is called the equivariant 
de Rham functor DR G : D\M X) g) -> D b (X an , G, C). 

In the remaining part of this subsection, X is the afline space C , considered as an 
analytic variety equipped with an afline action of a finite group G. 

Let Vg be an equivariant quiver of T. The diagonal action of G equips the complex 

QV = Q^® VT nEV an 

with a structure of an equivariant complex of sheaves over X an . We describe this equi- 
variant structure for global sections of the sheaf QV. The graded component QV of the 
complex QV was described in (I5.10P as 

qv t = © n«p ® (A ~ r T a <g> n Q ® 14) 

«e/(r) V x / 

and the equivariant structure is determined by the maps 

L {QV r , x}{g){u®r® W a ® v a ) = 

(6.6) r 

= L {ax , x}(g){u) ®/\ L Dx (g)(T) ® L a * x (g)(w a ) ® L Voi {g){v a ) , 

for any a G /(F 1 ), and <8> r <8> cJ Q <8> w Q G T(X, f^) <8> A~ r %* ® <£> V^. We have 

Theorem 6.4. Lei V G &e an equivariant quiver. Then the equivariant de Rham complex 
of the equivariant quiver T>x-module EqV is isomorphic in D b (X an , G, C) to the perverse 
sheaf QV equipped with the equivariant structure \6. 6]) . □ 

Denote by Y the quotient space Y = X/G and by q : X — > Y the quotient map. We 
regard Y as a space with the trivial action of G. We also use the notation Y° for the 
quotient space Y° = X°/G with the quotient map go : X° - * Y°- The open embedding 
Y° -> Y is denoted by j : Y° -> Y. 
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Let T G Sh(X, G, C) be a G-equivariant sheaf of complex vector spaces over X. The 
direct image q % T of the sheaf T inherits from T the G-equivariant structure. We regard 
the sheaf q % T as an element of Sh(Y, G, C). 

Denote by q G T G Sh(Y, C) the sheaf of G- invariant sections of q.T . 

The functor q G : Sh(X, G, C) — > Sh(Y, C) is the composition of two exact functors: 
direct image functor g. and the functor of invariants of a finite group G. It sends |BL] 
equivariant perverse sheaves on X to perverse sheaves on Y. Thus we have 

Corollary 6.5. Let Vq be an equivariant quiver. Then the complex of shaves q G QV is a 
perverse sheaf on the quotient space Y . 

Denote by QV the complex T G (X, QV) = T(Y, q\ , QV) of G-invariant global sections 
of the equivariant complex of sheaves QV. Denote by det G the one-dimensional represen- 
tation of the group G in the space £1$ of top exterior analytic forms on X, invariant with 
respect to affine translations. 

We have the following equivariant version of Theorem 15.61 

Theorem 6.6. Let C be a central arrangement of hyperplanes in C N . Let G be a finite 
group of linear transformations of C N preserving C. Let Vq be an equivariant quiver of 
the graph V of the arrangement, such that all linear maps A a ^ of the quiver are close 

Q 

to zero. Then the complex QV is quasi-isomorphic to the subcomplex of G-invariants 
((C+(V) <8> det G )[iV]) G of the complex (C+(V) ® det G )[iV]: 

QV G9 ~ ((G + (V)®det G )[iV]) G . 
The theorem is proved in Section [71 

6.5. Cohomology of with coefficients in equivariant quiver perverse sheaves. 

The category Sh(X, G, C) of equivariant sheaves has enough injectives |Grj . Let T G (X, •) : 
Sh(X,G,C) — > Vectc be the functor of invariant global sections. Following [GrJ, de- 
fine H k (X,G,-) to be the k-th right derived functor of the functor T G (X, •), such that 
H k (X, G, T) = R k T G (X, F) for any complex of equivariant sheaves T G D b (Sh(X, G, C)). 
Since G is a finite group, for any T G D b (Sh(X,G,C)) the graded space H'(X, G,T) 
coincides with the equivariant cohomology group of T [BLj . 

Since the functor q G : Sh(X, G, C) — > Sh{Y, C) is the composition of two exact functors, 
we have an equality |Grj : 

H k (X,G,F) = H k (Y, q G T) . 

The same statement is valid for the space X° : H k {X°, G, T) = H k (Y°, (q ) G F) ■ 

The affine space X satisfies the equivariant Stein condition, that is, for a finite group 

G 

(6.7) H k {X, G, O an ) = 0, for all k + 0. 

Statement (16.71) can be proved as follows. In the non-equivariant case to show that 
H k (X,O an ) is trivial we replace the sheaf O an (modulo constants) by its Dolbeault res- 
olution (Q 0,q ,c\). Then the 9^-Poincare lemma says that any enclosed (0,g)-form is a 
^z-coboundary In the equivariant case we can use the same Dolbeault resolution, since it 
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consists of equivariant soft sheaves. Statement ( 16.71) requires that an invariant enclosed 
(0, g)-form u has to be the c^-coboundary of an invariant form. By the c^Poincare lemma, 
we may conclude that w is the d— coboundary of a possibly non-invariant form y. Then 
the non-invariance of y is corrected by averaging over G. 

Corollary 6.7. Let C be a central arrangement of hyperplanes in C N . Let G be a finite 
group of linear transformations ofC N preserving C. Let Vg be an equivariant quiver with 
all linear maps A a ^ close to zero. Then for any k G Z 

H k (X, G, DR(EV)) ~ H k (X, G, QV) ~ H k+N ((C + (V) ® det G ) G ) . 

□ 

For an equivariant local system C on X° introduce equivariant intersection cohomology 
groups IH G (X,G,C) as the equivariant cohomology groups H k ~ N (X,G, (jo) u t aC[N]) of 
the MacPherson extension of the equivariant perverse sheaf £[iV], 

IH k (X, G, C) = f H k ~ N (X, G, (j ) u, G C[N}) . 

The functors q m , (q )., q^, and (q )^ transform perverse sheaves to perverse sheaves [BBDJ, 
so that we have an equality 

IH k (X,G,C)=IH k (Y,(q°) < :C), 
where IH k (Y, C) means the same as in Section |53| 

IH k (Y, £') = f H k - N (Y, ( Jo )iX'[N]) . 

for any local system CJ over Y°. 

Let CV be the local system of flat sections of the connection (14.381) equipped with the 
group action (I6.5p . 

Corollary 6.8. Let Vg = {V, A 1 , Ly(g)} be an equivariant level zero quiver of a central 
arrangement C. Assume that all operators A 1 are close to zero. Then for any fcgZ, 

H k (Y°, (g )? CV) ~H k (X°,G,£V) - H k ((C+(j Q) *V) ® det G ) G ) , 
IH k (Y, (g )?£V) ~ IH k (X,G,£V) ~ H k (C+(j ^V) ® det G ) G ) . 

6.6. Application to discriminantal arrangements. In this section we consider the 
discriminantal arrangements and local systems appearing in hypergeometric solutions of 
the KZ equations in [S V\ N] . We calculate the equivariant intersection cohomology groups 
of the discriminantal arrangements in terms of representation theory. 

In this section we follow notations of [Vj, chapter 11. 

We fix the following data: 

(a) a finite-dimensional complex space f); 

(b) a non-degenerate bilinear form ( , ) on f); 

(c) linearly independent covectors ('simple roots') ai,...a r G f)*. 

Denote by b : t) — > f)* the isomorphism induced by ( , ). Transform the form ( , ) to f)*, 
using b. Set b it j = (ojj,^), hi = & _1 (aj) G f}. 
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Denote by g the Lie algebra, generated by e*, fi, and t), subject to the relations 

[h, Ci] = (h, a>i)ei , [h, fi] = -(h, aA/i , 

[ej, fj) = S id hi , [/i, h'] = , 

for all z, j = 1, ...,r and /i, ft/ G f). Denote by n + and n_ the subalgebras of g , generated 
by ti and /j, respectively. 

There is a unique symmetric bilinear form S(,) on g, satisfying the conditions 

(i) the subspaces n + , f), and n_ are mutually orthogonal with respect to S; 

(ii) the restriction of S to \) coincides with ( , ), 

(hi) S{e i ,e j ) = S(f h fj) = 5 id ; S([f h x],y) = S(x, [e h y]). 

Set g = g/Ker S, n± = n±/(n± fl Ker S). These are Lie algebras. If fe^j 7^ for all z, then 
g is the Kac-Moody algebra associated with the matrix a it j = 2&^/&£ )i . 

For A G f)*, we denote by U\ the irreducible g-module with highest weight A G h*. 

For a highest weight g-module U, we denote by C.(n_, U) the standard chain complex 
of n_ with coefficients in U. The chain complex C.(n_, t/) has the canonical structure of 
an fj-module. For \i G f)*, we denote by C. (n_, U)^ the subcomplex of chains of weight \i. 

Let C\ y N be the arrangement in X = C N of hyperplanes 

Hi : tj = 0, 1 < z < iV; 

Hij : ti-tj^O, 1 <i < j < N . 

Fix an r-tuple A = k r ) G Z> , fei + • • • + k r = N, and a map tt\ : {1, N} — > 

{1, r}, such that #7r^~ (z) = fcj. We denote by E A the subgroup of the symmetric group 
Stv, which consists of permutations a of {1,...,A^}, satisfying the condition 7r A (er(z)) = 
TT\(i) for all z. We have an isomorphism ~ x ... x E^. The group as well as the 
symmetric group H^, acts on X by permutations of coordinates. This action preserves 

For A G f)* and ft 6 C, we denote by aA !7Tx ,K the collection of exponents a\ t7TXjK : 
C, where 

a A,TT X ,K(H i:j ) = (a^i^a^^j))/^, a A:7rXtK (Hi) = — (of^ A (i), A)/k . 

Let (^.'(Cijjv), do Ax ,«) be the Aomoto complex of C1 >v. see Section [2 .5! Let 
(JF' , d aAn ) be its subcomplex of flag forms. 

The action of S A on C^jv induces the action of S A on (^'(C^jv), d OA7r J. This action 

preserves {F' aA ,„ x , K > d a A ,, x ,J- 

The following isomorphism of complexes was established in [SVj . Corollary 6.13. 

Theorem 6.9 ([SAT]). We have 

(6-8) C.(n, U A ) A _- X » (^f A ;;, K (C liiV ) ® sgn) SA , 

i/ere A = fciai + . . . + k r a r and sgn is £/ie restriction to Sa 0/ i/ie one- dimensional sign 
representation o/Ejv- 
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We rewrite (16. 8ft in a quiver language. The collection of exponents aA,7r A ,K determines the 
level zero equivariant quiver Vs A (A, tt x , k) of the arrangement C^n by the rule Ve a (A, tt x , k) 
= {V, A 1 , Ly(g)}. Here V — C. The operator A 1 : C — > C is the operator of multiplication 
by the exponent a\ t7TXtK (H(l)) of the corresponding hyperplane. All operators Ly(g) are 
equal to /(iy- 

In these notations the flag complex ^F" ahv k (Ci,n) coincides with the complex of the 
direct image Jo,!*V(A, 7Ta, k) of the quiver V(A, tt x , k) = A/"°Ve a (A, tt x , k), 

K a ,^,S C ^n) = C + (jo,!*V(A,7r A ,/0) . 

Statement (16. 8p is equivalent to the statement 

(6.9) C.(n,L A ) A _5« (^-•(j i*, SA V SA (A,7r A ,«:))®sgn) EA . 

Let Cx,n x ,K, be the local system on X°, associated to the connection in the trivial line 
bundle L over X° with the connection-form 

{a ^ h ^ U)) dlo g (U- tj ) - {a ^ K]) d\ogU . 

l<i<j<N l<i<N 

We identify sections of L with scalar functions. We define the action of S A on sections by 
the formula 

L L (g)(f(x)) = sgn( 9 y f(L x (g)-\x)) . 

In notations of Section 16.51 we denote by C AXk the local system on Y° given by the 
formula 

Combining (I6.9P and Corollary 16. 8[ we get 

Corollary 6.10. Let X° be the complement to Ci^n in C N . Then for \n\ ^> 1 and k G TL, 

we have 

IH k (Y,Z Aj J = IH\X,Z x ,£a,^) - H N ^ k (xx,L A ) A _j . 



Let g be a simple Lie algebra with Weyl group W and half sum of positive roots p. 
Let U\ be the irreducible finite-dimensional g-module with highest weight A. By the 
Borel-Weil-Bott theorem, we have 

Hk(n,U\) = © < C w {A+p)- P 

w£W, l(w)=k 

where C M is a one-dimensional space of weight \i and l(w) is the length of w. The dominant 
weight A + p is regular, that is, the equality w(A + p) = A + p implies w = id. Hence each 
weight subspace of Hk(xi, U\) is at most one-dimensional. 

To a simple Lie algebra q and an element X = k%ai + . . . + k r a r , k; t G Z> , of the root 
lattice we assign the vector A = (kx, k r ), the number N = ki + . . . + k r , and the ar- 
rangement C\ t N in X = C N , equipped with the action of the product of symmetric groups 
as at the beginning of this section. An integral dominant weight A G h* determines 
the S A -equivariant local system C Aj7TXtK on the complement X° to the arrangement 
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and the local system C A j K on the quotient space Y° = X°/S A , which is an open subset 
of the quotient space Y = X/H\. 

Corollary 6.11. For \k\ ^> 1 and k G Z, the intersection cohomology IH k (Y, C A j ) 
is at most one- dimensional and is nonzero if and only there exists w G W , such that 
l(w) = N - k and w(A + p) - p = A - A. 



7. Proofs 

7.1. Proof of Propositions 13.11 and 13.21 We start with the proof of Proposition 13 . 11 
The operators A^ and A^ commute if a y (3 and /3 >- 7. Indeed, using relations (b) and 
(c) in Section 2.1 we get 

^/3^/3 = Ap^ a A a ^Ap 1 A 1 p = — Ap^ a A a piApi 1 A~ l p = 

P',P'^P 

= — Yl Ap-fAypiApiaAafl = ApyAypAp^Aafl = A^Ap . 

P',P'^P 
ay/3'yy 

To prove (i) we have to check only that [Sp, A*] = for a such that a y (3. This is 
equivalent to the equality [ Y Ap',Ap] = 0. Consider the product Ap* ■ Y A°p . 

a', a'^a, aij, Q-j^a, 

a'yf3 a j>~P 

A nonzero contribution to the product is given only by the summands with aj for which 
there exists Sj with Sj y ctj and Sj y a. We have 



a p E A 7 = A ^A a ,, J2 E A ^ A 



cup 



(7.1) 



S^a^p 



^ ^ Ap^A^Ag^A^p — ^ Ap^ a A a g.Afr. a A, 



S^ctj^p 



8i,8i)~a 



We can apply the same procedure to the product Y ^°p -^p an d get the same result 

aj yp 

(17.11) . This proves statement (i) of Proposition 13. 1[ 

To prove (ii) we note that for any vertex 5 > (3 with 1(8) = l(f3) — 2 and for any vector 
eg G Vs, the vector (BajyaypAa^eg belongs to the kernel of the operator Tp due to defining 
relation (b) of Section 2.1. Fix a vertex a, such that a y f3, and a vector e a G V a . We 
have 

T (e a ) = A a) pAp 

)+ E A «tf A p 

aj yp 
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Due to relation (c) of Section 2.1, in the last sum we have a nonzero contribution only 
from the summands with aij such that there exists 5j satisfying 5j y a.j and 5j y a. Thus 

Tp(e a ) = A aj pAp >a (e a ) - ^ ^ A ajSi A Sia (e a ) = 

= A a ^Ap t0l {e a ) + 22 A a6iAs ia (e a ) - 22 A a . Si As ia (e a ). 

The last term belongs to the kernel of Tp. So the action of Tp on e a in the quotient space 
©c^a^Kt/Ker Tp is the same as the action of A@ + T° on e a . This proves statement (ii) 
of Proposition 13.11 □ 

Let us prove statement (i) of Proposition 13.21 Since Ap and A^ commute if a y (3 and 

(3 y 7, we have to prove that [Sp, Ap] = for any a G I(T), [3 y a. Fix a vertex a G 

such that P y a. We have Sp = ^ p y Ap. Since the arrangement is central, for any 

7, (3 y 7, the planes X a and X 7 intersect in co dimension one and we can rewrite Sp as 

Sp= S^a , 

<5,/3>5,;( < 5)=i( / 3)+2 

where 

(7-2) 5^= £ AJ. 

The defining relations of quivers (see the relation (v) of Section l3T2"j) imply that [Ap, Spj] = 

for any such 5. Thus [Ap, Sp] = and statement (i) is proved. 

Let us prove statement (ii) of Proposition 13.21 Fix a, (3 G I(T), such that ay (3. For 
any 8, (3 y 8 we have by the second equality of Section 13.21 (iv) 

(7.3) A a ,pA 5 p = (S ajS - Ai)A a ,p . 
The summation of (17.31) over all 8, (3 y 8 gives 

(7.4) A a> pSp = (S a - Ai)A afi . 
On the other hand, we have, analogously to (17.11) . 

A a> p A a p J = A a> p ^ A t3ajA aj p = 

~ } } j A a $.As. a .A a .p = 2 ] A a s.As. a A at p , 

8i,8i>-a ctj ,ajy^a, 8i,8i)~a 
8i)~ajyi3 

that is, 

(7.5) A a> p(Sp — Ap) = S a A a ^p . 
Combining (17.41) and (17. 5p . we get 

A a> p{Sp + Sp — Ap) = (S a + S a — A a )A a> p , 



(>r> 



which implies (13.91) . since A at pA% = A^A a ^ by definition of operators A^ a and Ag, see 
(13.31) . The proof of (13.91) for (3 y a is analogous. The relations (13.91) imply the centrality 
of the operator S. □ 



7.2. Proof of Propositions I3T91 - I3.111 First we prove Proposition 13.91 

Consider the direct image s ^W ro of the level zero quiver Wro = {W, B 1 }. Consider a 
vertex a G I(T) and a flag F a ,.. )0tm=a which ends at a. Let (3 G I(T) be a vertex such that 
(3 y a. According to (I3.17P and (I3.18p . the vector A a ^Ap >a (F a am ® u) in (jo,*VV r°) a 
is equal to zero if F@ o _ am = or is equal to 

(-l) (Wa ° ^^ft, .JU-lOn ® E ^ 

ie/i(r), 

if F a...,a m 0. Here F / g 0) ... )/3m _ 1 = F^__ j(Xm . Denote by 4(a , «i, ...a m ) the set of all 
/3 G /(r) such that F@ am ^ and (/?; ao, «m) = Applying relations (12.81) . we get 

(7-6) A a ^A^ a (F a .^ am=a ®u)=F a _ am ® Bi ( u ) ■ 

/3€l k (a ,...,a m ) i£h(T), 

Relations (17.61) imply that for any a G I{T), 

(7.7) S a = Id Ta ® F '> 

ie/i(r),i>Q 

as an operator in T a ® U. Denote by B a the operator B a = X^gMr) i>a B l : W — * W. 
According to Proposition 13. 1[ the operator S a commutes with any product A a ^Ap^ if (3 
is adjacent to a. Applying this fact to relations (I7.6P and (17.71) we get 

[B a , 5 i = °' 

ieii(r), 

and, in particular, for k = 0, we get [B a , B ai ] = 0. We can repeat these arguments 
for any flag ending at a and we conclude that the operator B a commutes with all its 
own summands B l . In this situation all eigenvalues of the operator B a are equal to 
X a . Indeed, for any eigenvalue A of B a the corresponding subspace of eigenvectors is 
invariant with respect to any B l , i > a. Taking the trace over this subspace of the 
equality B a = J2ieh(ry i>a B% , we get A = X a . Due to (17. 7p we get statement (i) of the 
proposition. 

To prove (iii), note that due to (13.171) and (I3.18P for any a,/3 G I(T), such that a y j3, 
the operator A^ = A a> pAp^ a : T a ® U — > T a ® U is equal to 



(7.8) Ai = Id? a ® ]T B*. 

ie/i(r), 

Statement (iii) follows now from (i) and (ii) and Proposition 13.11 □ 
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Consider the quiver Jo,!Wr° = ^ 1 Jo,*' r o"l / V r°- The quiver r >Vro = {U,C 1 } consists of 
the vector space U = W* and operators C % = (B 1 )*, respectively dual to B\ Each of C l 
has a single eigenvalue \. By Proposition 13.91 the operators S a , T a , T' a , attached to 
the quiver 3o^r W r°, have eigenvalues, prescribed by that proposition. The operators S a , 
A@, T a , T' a , attached to the quiver r^ 1 Jo ) *roWr°, are dual to the corresponding operators 
for the quiver Iq^tqW r° and thus have the same eigenvalues. This proves Proposition 
I3TTU1 □ 

In order to prove Proposition 13. Ill it is sufficient to prove it for the quiver Jo,*Wro and 
then apply the duality arguments. 

For a G formula (17.81) implies that 

s a = id ra ®Ys Bl > 

where the sum is taken over all i G Ii(r), such that the hyperplane Hi does not contain X a , 
but its intersection with X a is non-empty. For a central arrangement, the last condition 
is satisfied always. Thus 

(7.9) S a = Id Ta ® B% ■ 

Combining (17.91) with (17. 7p . we get 

(7.10) S = Id r ® BL ■ 

The trace arguments as above show that the operator S has a single eigenvalue Aoo = 
Yljejcc) ^ every operator B l has a single eigenvalue Aj. □ 

7.3. Proof of Proposition [¥7Tl Choose a scalar product on X invariant with respect to 
parallel translations. Without loss of generality we assume that for any pair of adjacent 
strata X a D Xp, the function fp >a G Fp \ F a is chosen to be orthogonal to F a and the 
vector field G T a \Tp belongs to . Set M = Q) a M a . Due to relations (I4.25P and 
(I4.26p . the space of global sections of the Px-module EV is isomorphic to a quotient space 
of M. To prove (14.291) . we define inductively the structure of a _Dx- m odule on M. 

Define the grading on M. It is given by a grading on each summand M a , where we set 
deg(v a <g> u a ) = 0, deg^ = deg / = 1 for f G T' a and / G F' a . 

We will use the increasing Bernstein filtration BD' of the ring Dx, in which the sub- 
space BD- k C D x is spanned by the elements 



BD- k = c( Zll ...z H ^...^- | m < k 

Define the action of BD- 1 on elements of zero degree M° C M. Take a stratum X a . 
An element d G BD- 1 can be presented as a sum 

(7.11) d = c + d a + d' a , 

where c is a constant, d a G T a + F a , d' a G T' a + F' a . In the ring D x , we have 

(7.12) [d u d 2 ]=0 if d 1 ,d 2 ET a +F a or d x , d 2 G T' a + F' a . 
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We use relations ( 14. 25ft and ( I4.26P to define the action. We set 

(7.13) d a {u a ®V a ) = ^ {d<xJp,a)^P,a{ W a) ® A^ a (v a ) G M$, 

if d a E T a , and 

(7.14) rf Q (U a Ow Q ) = (^ ia , d a }Trp >a (u a )A 0ta (v a ) G AfJ , 
if d a e F a . We set 

(7.15) £4(uT Q ® v a ) = d' a ® {u a ® u a ) G , 

As the next step we define the action of BD- 1 on the subspace of degree one elements 
M 1 C M. Again we use decomposition (17.111) . Define the action of d! G T' a + F' a on 
d' ® (cJ Q ® u a ) G by the formula 

(7.16) d' a ■ (d' <g> (cJ a ® u a )) = (d'J) <g> (u7 a ® u a ) G . 
Define the action of rf a G T a + F a C BD- 1 by the formula 

(7.17) d Q ■ (d' ® (uJ Q (g> f a )) = [d a , d'] <g> (cJ Q ® u a ) + cf' • d a (uJ a ® u a ) , 

where the first term in the right hand side is in M°, while the action of BD- 1 for the 
second term was already defined. 

We claim that formulas ( 17.13l) -( !7.17l) define also an action of BD- 2 on M . 

To prove this we note first that relations (|7.13p - (|7.17p define an action of all second 
degree monomials on M° and the only thing to check is to verify that this action respects 
quadratic relations in BD- 2 . The action of the basic relation 

(7.18) d 1 d 2 -d 2 d 1 = [d ll d 2 ] 

on M° can be split into several types depending on the types in (17. lip of the first degree 
generators dj. 

The case, when both di belong to T' a + F' a , is trivial. In that case d{ commute and 
their actions commute due to (17.151) . 

If d\ G T' a + F' a and d 2 G T a + F a , then relation (I7.18P is preserved due to (17.171) . 
The nontrivial case is when both di belong to T a + F a and should commute. 
Suppose first that both di G T a . Then 

did 2 (u a <g> V a ) = ^ f/3,a) d 1 (TC f3>a (uJ a ) (g) Ap^Va)) . 
0, ayp 

We can present each of di as 

di = Ciiafi + d'i , 
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where ^ a ,p £ T a flT^, /g iQ , G Fp fl T„ , d£ belongs to Tp , and the constants q are given 
by the formula cf = ,f" //3 ; a> , . Then 

(7.19) 

(d x d 2 - d 2 di)(cJ Q <8> u a ) = ^2 ( c i (^2, //?,<*) - (di, ^^(oJq,) g) Ap >a v a + 

+ ^ ((C?2, //3,a)d'l - fp,a)cQ • (rCp^(p a ) (g) Ap >a V a ) . 

P, a^P 

The first summand in the right hand side of (I7.19P is zero, since 

(4 (da, /j8,a) - ^ (di, //3,a)) = 

for each /? G /(T), such that a >- (3. The second summand can be rewritten as a double 
sum 

(7.20) 2j C",/3,7 ® ^7/3^/3,"^" = ^ * dlAd2 ( < ^ 3 < Q A ^P^pA^a) ® A~/P A P,a v a ■ 

P, a^P, P, a>P, 

7, /3>-7 7, /?^7 

For a fixed 7 the coefficient C aj/ g )7 in (17.201) does not depend on index (3. This can be seen 
from the equality 

C a ,p,j = "77 ? in id! Ada {dfp,a A dfjp) . 

djp,a A <ZJ 7j g 

Then the sum in (17.201) equals zero due to relation (b) of Section 2.1. 

The case when both d, belong to F a is treated in analogous manner. Let now d\ G F a , 
d 2 G T a . Then 



did 2 (uj a ®V a ) = ^ (^2, fp,a)d 1 (lTp t a(u a ) <g> Ap >a V a ) 



(7.21) 



^ (d2, //3,a) (£ 7 /3, di)7r 7ij a7T /3;a (u; a ) <g> A^pAfa a V a 



P, a^P 
7, 7^/3 



since di belongs to Fp C F Q for each summand in the first line of (I7.2ip . and 

d 2 d 1 (p a <g> v a ) = ^2 (£sa, di)d 2 (ir St a(u a <g> A 5ja u a ) = 

(7 22) 

= ^2 (d 2 , fjs)(^6a,dl)'K Xf> s'K Sja (uJ a ) <S> A^ s A Sa v a , 

S, 5ya 
7, 5^7- 

since d 2 belongs to T$ C T Q for each summand in the first line of (I7.22p . 

We have the equalities of codimensions £(7) = l(fy) = 1(a), and the summation in the 
last lines of (17.211) and (17.221) goes over one index 7 or 7 while Xp = X a fl X 7 in (I7.2ip 
and Xg is the unique hyperplane which contains both X a and X 7 in codimension 1 for 
(H22J). 

Due to (I7.12p . we should prove that the difference of the right hand sides of (I7.2ip and 
(I7.22p is zero. First of all, there are no terms with 7 = a in the right hand side of (17.211) . 



(if) 



since in this case the coefficient (£ 7l g, di) is zero. Analogously, there are no terms in the 
right hand side of (I7.22p with 7 = a since in this case the coefficient (d 2 , f^^) vanishes. 
For a vertex 7' of the graph V there are three different possibilities: 

(1) there is a summand in (17.211) with index 7 = 7' and a summand in (17.221) with 
index 7 = 7'; 

(2) there is a summand in (17.211) with index 7 = 7' and there is no summand in (I7.22p 
with 7 = 7'; 

(3) there is no summand in (17.211) with index 7 = 7' and there is a summand in (I7.22p 
with 7 = 7'. 

In case (2) the corresponding term vanishes due to relation (c) in Section 2.11. In case 
(3), the strata X a and X~, are parallel inside Xg, so the coefficient (d 2 , fys) vanishes as 
well as the corresponding summand. In case (1) we can apply relation (c) of Section 2.1 
if the sum of the coefficients in (17.2 ip and (17.221) is zero. So the only thing to prove is the 
equality 

(7.23) (d 2 , fp,a)(£yl3, d^TT^^TTp^ipa) + (d 2 , f-ys)(^8a, d^TC^jTt ^((D ; a ) = 0, 

when X a and X 7 are strata of equal dimension, Xp = X a H X 1 , X$ = X a + X 7 if an 
origin of is taken inside Xp, d\ G F a and d 2 G T a . Then we can choose £sa — £ 7 ,s an d 
fp,a — f-yS- With such an identification the left hand side of (17.231) is equal to 

(^2, fj,S){^0, d\) ( k)) . 

The equality tJ 7 = ir^pTr^a^pa) is equivalent to the equality 

u a = dff3 }0l A % tP Wi = df ltS A % tP u}y, 

and the equality U 7 = 'K 1 ^&^ a {uJ a ) is equivalent to 

^ = H s , a (df^s A uJ 7 ) = % :8 (df 7tS A aJ 7 ). 

The elements £ 7/ 3 and f^s commute in Dx by (I7.12p . This implies the equality df^s A 
W 1 + ie g (df 7> s A cJ 7 ) = which proves (I7.23p . 

Suppose n > and k, < k < n are given. Suppose an action of B- k on M l is defined, 
if I < n — k. Let d G BD- . For a given stratum X a and a monomial-D of degree n over 
C[T' a +F v a ) define 

(7.24) d ■ D <g> uj a <g> v a = [d, D] ® ZJ a <g> v a + D ■ d(ZJ a <g> u a ) if rf G T Q + F Q , 

(7.25) d- D®u a ®v a = dD®u a ®v a if deT' a + F' a . 

Then the action of all monomials from B- k on M n_fc+1 is defined. We should check 
that this action preserves the commutation relations in the ring Dx, more precisely, the 
relations of the type 

(7.26) di ■ d 2 ■ (D <g> JU a <g> v a ) - d 2 ■ d\ ■ (D <g> cJ Q <g> u a ) = d 2 ] (D ® U a ® u a ) 

where G BD- 1 and D is a monomial of degree n — 1 over C[T^ + F']. If both 
d,eT^+ F' a then (17T261) is satisfied due to fl7^5|) . Let now d l e T a + F a , d 2 eT' a + F' a . 
Then by (I7.24p and by induction assumptions 

did 2 (D ®W a ® v a ) = [di, d 2 D] ®uJ a ® v a + d 2 Ddi{uJ a ® v a ) , 

d 2 di(D <g> uJ a ® v a ) = rf 2 [(ii, -D] ® U a ® f a + d 2 (Dd 1 (ZJ a ® t> a )) , 
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so we get 

(did 2 - d 2 di) ■ (D <g> uJ a <g> u a ) = [di, d 2 ]D <g cJ a <g u a ). 
Let now d u d 2 eT a + F a . Then by (17231) 

did 2 {D (g aJo, (g f Q ) = [c?i, [d 2 , -D]] <8> w„ (g t> a + [d 2 , -D](di(uJ a (g u a )) + di(Dd 2 (uJ a (g u a )) 
and 

(did 2 — d 2 di) • (-D (g cJ Q (g f Q ) = D(d\d 2 — d 2 di)(ZJ a (g v a ) = 

by induction assumptions. This ends the induction step and the proof of the proposition. 

□ 

7.4. Proof of Proposition l4"T^l The description (I4.25P and (I4.26P of a quiver X>x- m odule 
imply that the principal filtration (I4.3ip is good and the map 

0: © (S(T^)®Tl a ®V a ) <gC[X a ] ^EV , 

where EV = gr £7V, is a well defined map of Ox-modules. Proposition 14.11 implies that 
this map is an isomorphism. 
Consider the product 

n ^ a ' 

«6/(T) 

where d Q G T Q + F Q and d a =_gi{d a ). Relations (14T25D . fl4T26|) . (17341) and (I735|) show 
that this product annihilates EV. It means that EV is a holonomic T>x module with 
singular support contained in U a T^ a C N . □ 

7.5. Proof of Proposition 14.41 Fix a nonzero exterior form uJ% G VL%. Identify vectors 
v EV with cJ$ (g f G ^0 (g V, and ro£ W with ® w G ® 1^. 

Let $ : E°V — > -E^W be a morphism of X^ 0- modules. Since X is an affine variety, 
the morphism is determined by the corresponding map of global sections, denoted by $ 
also. Since the _Dx°- m odule E°V is generated by the space V, the map of global sections 
is determined by its restriction to V, denote (p = $|y. The map <p is a regular rational 
function on X° with values in Hom(V, W). We need to prove that <p is constant. 

For j G J(C), choose affine coordinates z x , zn on X, such that the hyperplane Hj 
has equation z\ = 0. Take a generic point (0, e 2 , ■ ■■,£n) in Hj. Expand (p in the Laurent 
series, 

(7-27) ^ = ^ + 3^ + ---> 

z x z x 

where ipk are functions in z 2 ,...,z N holomorphic at (e 2 , £jv). We assume that 
<Pk(e 2 , ...,£n) 7^ 0. For v G V, consider the Laurent expansion for both sides of the 
equality $(<9 Zl t>) = d Zl ($(v)). We have 

mi „ ) = $ (^ + ...) = I^ w) + ... = ^p + ..., 

\ Zi J Zi z x 

and 

2 1 
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We get tpk(Ai{y)) = (B^ — k) (<fk(v)). Since eigenvalues of A 7 and of 5 J are in the same 
weakly non- resonant set G\ we conclude that k = 0. Thus the rational function (p has no 
poles and is a polynomial function on X. 

Let C[X] be the ring of polynomials on X with complex coefficients. Denote V = 
C[X] ■ V, W = C[X] ■ W. We proved that $(V) C W. 

Let O G X be the center of the arrangement. Let z\, . . . , z n be affine coordinates on 
X with center at O. Let 77 be the associated Euler vector field, r\ = Z\d Zl + ... + z^d ZN . 
For any v G V, we have r)(v) = Y,j<=j(c) & '(v). Let V = @^V^ W = ®^W^ be the 
decompositions into eigenspaces of 77. It is easy to see that the summations are over 
[i G G® + Z> . We have $(V^) C for any \i. Since the set G$ is weakly non-resonant, 
we have equalities 

v = v„, w = , 

and 3>(V) C Thus 9? is constant. The condition = for constant vector fields 

£ imply that is a morphism of quivers and $ = E°(<p). □ 

7.6. Proof of Proposition [4731 Part (i) of the proposition follows from the description 
in Section H3] of global sections of a quiver Dx n - m odule. Namely, the quiver I^-niodule 
E n Vr« has a finite-dimensional subspace V = © ae /(r")fi Q © V a of the space of its global 
sections. If if : Vr« — > Wp™ is a nonzero morphism of quivers, then the associated 
morphism E n ip : E n Vr n ~^ E n Wr^ of Vx«-Taodvles is nonzero on the space V. Thus the 
functor E n is faithful. 

The proof of part (ii) is by induction on n. The proof is based on the Beilinson- 
Kashiwara-Malgrange gluing construction. 

First we will recall the gluing construction, following [K3]. Then we will introduce 
special open subsets X n,/3 C X n , on which the gluing procedure will be performed. For 
a level n quiver Vr«, we will restrict the quiver Dx™- m odule E n Vr^ to an open set X n,!3 
and describe, how this T> X n,p-modu\e can be obtained by gluing quiver P-modules of level 
ri — 1. We will note that the sheaf axioms imply that the category M.x n of I^x"- m odules 
is equivalent to a category of fibered products of M. xn,/3-modules. In this way we will 
describe the Px"-module E n Vr^ by means of quiver D-modules of level n — 1 quivers. 
With such a description we will perform the induction step. 

7.6.1. Kashiwara-Malgrange filtrations and the gluing construction. Recall that a subset 
G C C is called a non-resonant section of C, if G contains zero and for any a G C, the 
intersection G H (a + Z) consists of a single point. 

Let Y be a smooth complex algebraic variety and Z C K a smooth complex algebraic 
subvariety. We assume that Z is a principal divisor, defined by the equation / = for 
some regular function /. Let / C CV be the sheaf of ideals of functions vanishing on Z 
and F(T>y) a corresponding (see Section H~6l decreasing filtration of the sheaf T>y- 

F k (V Y ) = {Pe V Y \ P(/j) C lf k for any j} . 

Let 6* be a vector field in Y tangent to Z and acting on I /I 2 as the identity. We suppose 
that 9 is presented as a product 9 = /£, where £ is a vector field on Y such that = 1. 
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Let M be a Py-module. For any good filtration F(M) of a Py-module M, the quo- 
tient spaces gr F k (M) = F k (M)/ F k+1 (M) have the structure of P^-modules. and the 
function / and the vector field £ define the 2^-module maps 

gr / : grF fc (M) -> grF fc+1 (M) and gr£ : grF fc (M) -> grF* -1 (M) , 

such that gr/ • gr£ = gr# : gr F k (M) — >■ gr F k (M). 

Suppose a non-resonant section G C C is chosen. Let Fq(M) be the unique good filtra- 
tion of M, satisfying the condition (v) of Section fl~6l Denote ^f^(M) = grF^(M). Then 
for all k > 0, the £> z -modules ^ } (M) and the maps gr6» : ^ } (M) -> ^ } (M) depend 
on the restriction M\y\z only. We use this remark in notations and set (M\y\z) — 
^ } (M). Denote by a the map a = gr^j,^ : *§ 5 (M) -> ^ 1} (M) and by 6 the map 

b = s^fU^iM) ■ 4 _1) ( M ) - ° 

The Beilinson-Malgrange-Kashiwara gluing theorem |Bej . |K3j . [M] states that for a 
given non-resonant section G C C the assignment 

M^(M| nZ) ^ 1) (M),a,6) 

establishes an equivalence of the category A^y rs C Ai Y ° l °f holonomic £>y- modules with 
regular singularities and the category of quadruples (M, N,a,b), where M E JM.y\zi 
N E M h z rs , a : ^ } (M) — > X and b : N —> V$(M) are £> z -module maps such that 
ba = gi6 : *|?&M) -> VP{]*M). 



7.6.2. r/ie spaces X™^. Take a vertex /3 e I{T n ), such that /(/?) = n. Let X n,/3 C X n be 
the following open subset of X n , 

X n,0 = X n-\ \J Xp = X n \ I (J X, 

\a^/3, J(a)=n 

The sets X n ^ cover X n , 

x n = y x n>/3 , 

and for any fti, f3 2 E I n (T) we have 

Thus the category .Mx™ of £>x™-modules is the fibered product of the categories M. Xn ,fi: 

(7.28) M X n ~ -M^n,^ x_ Mxn _ 1 Mjfn,^ ><M xn -i • • • x Wxli _, M^Pm , 

where the product is taken over all (3^ E I n (r). An object of the category A4 X n,/3 1 x m x „-i 
• " " x M xn ~i M. x -n,,{i m is a collection Mi e .Mx™-* 3 !; A^x™./ 3 ™, such that M\\ X n-i = 

M 2 \ X n-l = ... = M m \ X n-l. 
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Let T n -\ = {f a | a G J„(r)} be a level n — 1 vertex framing of the arrangement C. The 
framing determines an affine open subset XJ% C I"-" of X n ' p : 

(7-29) U^=X\ |J {J a = 0}. 

aeI n (T), 

Subsets _ form a covering of X n,f3 when T n -\ varies. 

7.6.3. Gluing data for Y n -quivers. Fix a vertex (3 G / n (r). Let /« G be a generic affine 
function vanishing on X^. In the notations of Section 17.6 put Y = X n ^ and Z = YC\H, 
where H = {J p = 0}. 

Intersections Hj PI if, j G J(C), determine in H an arrangement, denoted by Ch, which 
equips H with a structure of a stratified space. The space Z coincides with the principal 
level n — 1 open subset of H: 

Z = H 71 ' 1 = H \ (J F a . 

codim^f H a >n 

The strata of Z are the intersections if fl X a , where a G /(T), such that /(a) < n. 
The graph of adjacencies r n,/3 of the stratified space Z is a certain contraction of the 
graph r n_1 . 

More precisely, let J,f_ 1 (r) be the set of classes of isomorphisms of elements of J n _i(T) 
with respect to the following equivalence relation: a>i ~ a 2 if ai >- /3 and a 2 >- /5, or 
«i = a 2 . Thus, the set if_ 1 (r) consists of the vertices a G J n _i(T), such that a )f (3 and 
of the equivalence class (3 of the vertices a G J n _i(T), such that a y (3. 

Let if (r) be the subset of / n (r), which consists of the elements (3' G I n (r), such that 
the stratum Xp> is not equal to the stratum Xp and is not parallel to it (not obtained by a 
parallel translation). Let if (T) be the set of classes of isomorphisms of elements of 1% (T) 
with respect to the following equivalence relation: «i ~ a 2 if ot\ = a 2 or the intersections 
X ai n X/3 and X a2 fl Xg coincide and have codimension one in Xp. 

X ai fl X/3 = X ai fl Xp and codim x X ai ^ -^/3 = 1- 

In these notations the set of vertices of Y n ^ is the union 

Define the edges of Y n,!3 . The vertices ai,a 2 G I(T n '"), such that cti ^ (3, a 2 ^ (3 and 
«i 7^ «2, are connected by an edge in T n,/3 if and only if they are connected by an edge in 
r n_1 . The vertices (3 and a G J(r n,/3 ), a ^ (3 define an edge in T n,/3 if there exists ot\ y (3, 
such that «i and a are connected by an edge in P 1-1 . 

The graph T n,/3 has loops (ai,ai)° 2 , where ai G /^(T), a 2 G If (r) and there exist 
representatives «i of a?i, «i G J n _i(T), and a 2 of o^, a 2 G if (T), such that «i >- a 2 . 

Let Vr^-i = {V^, A aija2 , A"\} G Quir^-i be a quiver of r n_1 . Define a new r n,/3 -quiver 

^^°^(Vr«-i) = {Wq,, B aua2 , B%* } in the following way. 
Set W a = V a for all a G 4-i(r), and Wg = © V Q . 

a, 
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Set B ai 0t2 = A aita2 : W a2 — > W ai if both a% and a 2 are different from j3. Set Bp a2 = 

©a, a>-/3^a,a 2 = W a2 -> Wj and = <§> a> a>fi A a ^ a \ Wp -> W ai . 

Let (ai, ai)° 2 be a loop of where an G /^(r), a 2 G i£(r) and <*i ^ /3. Define the 
map i?^ 2 : W ai — > W ai by the formula 

/ „ n m ' 
3=1 

where a%, ct m _ 2 G If (r) are all representatives of the equivalence class a 2 G If (r). 

Let (/?, j3) a2 be a loop of r n,/3 . Let <Si, a m _ G If (T) be all representatives of the equiv- 
alence class a>2 G /f(r), and ai,...,a m G J n _i(r) all representatives of the equivalence 
class (3. Define the map B^ : — > Wp by the formula 

m m— 

Br 2 — Ag™ - 22 -^•aji.*(aji t aj 2 )^ ,5 ( Q! ii' a, Ja)' a J2 • 

ii=l J2=l 3i,h=l,—,m,ji^j2 

The vertex 5(0^,0^) is defined by the following rule. Suppose there exists a vertex 
7 G {&i, a m _}, such that >- 7 and aj 2 y 7. Then we set S(aj 1 ,aj 2 ) to be the 
unique vertex of r n_1 , such that 5(0^, Oj 2 ) >- and £(0:^, Oj 2 ) >- aj 2 . Otherwise the 
corresponding term is supposed to be zero. 

We define a quiver morphism Tp: ij) ^(Vrm-i) — > V ° (Vr»-i)- Morphism Tp is a collec- 
tion of linear operators Tp\ Wa : W a — >■ VFa, « G J(r n,/3 ), commuting with the maps B aij0l2 
and -B^ 2 . The operators Tp\w a are zero for all a except a = (3, and 

m 

(7.30) T /3 | W _ = ^A^- A "u^(«n ."ia^K .«i 2 ).«i a • 

3=1 31,32=1,— ,m,ji^j 2 

Here «i,...,a m G J n _i(r) are all representatives of the equivalence class /3. The ver- 
tex 5(aj 1 ,aj 2 ) is the unique vertex (if exists) of r n_1 , such that 8(aj 1 ,aj 2 ) y and 
8{a h ,a h ) y a h . 

Let V r « be a quiver of T n . We set ^ {0) (Vr«) = V^^n-i^r")- 

Lemma 7.1. For any leveln quiver Vr^ i/ie linear map Tp\w_ coincides with the operator 
Tp, defined in A3.5\) . 

Proof. The statement follows from relations (ii), Section l3~2l □ 

The closure X' = Xp of the stratum Xp is an affine plane. The arrangement C induces 
in X' an arrangement denoted by Cp. The stratum Xp is the complement in X' to the 
union of hyperplanes of the arrangement Cp. The hyperplanes X 1 of the arrangement Cp 
are closures of the strata X 7 C Xp of codimension one in Xp. They are in one-to-one 
correspondence with elements of the set if: to each equivalence class {a{\ of l£ we attach 
a hyperplane X ai fl Xp in X' = Xp. 

Denote by T 13 the level zero graph of the arrangement Cp. We have a map of graphs 
ip : — > r n,/3 , which sends the vertex of T' 3 to the vertex /3 of Y n ^ and the loop (0, 0) 7 
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of Y@ to the loop (fljPypW of r n '^, where 2/3(7) G is characterized by the condition 
that X a fl Xfs = X 7 for any representative a of ^(7). 

To any T^-quiver V' = {Vjg, A'g} we attach the following r n,/3 -quiver ip(V) — U — 
{U a ,C aija2 ,C^}. The spaces U a of the quiver U are all zero- dimensional except for 
a = p. Set = Vq. All operators C aiiQ , 2 , C"^ are the zero operators except for operators 

C| (7) . We set Cf l] = A\ : £^ - L^. 

Let Vr" = {V a , A aij0l2 , A®*} G Qui^ be a quiver of T n . Define a quiver 1 (Vi>) = 
{Vj, A'D of as follows. We set V£ = Vp and A'l = A}. Define a quiver V^OM = 
{VIA';} ofT^ as ^(^(Vr.)). 

Define two morphisms of the constructed quivers: ap : t/)« , (Vr«) — > ^4 (Vr») and 
6^ : V4~ 1 ^(Vr n ) — > iftpiVr*)- To define these morphisms, it is sufficient to define linear 
maps aplw-'- Wp — > Up and 5^ | [/_: Up — > Wp. We set 

ap(v a ) = Ap !(X (v a ) , bpivp) = ^2 A a,p( v p) > 

ae/„_i(r), ay/3 

for any G Vp and f a G V^. We have the equality 

bpap = Tp . 

Let Q 71 ' 13 be the category of quadruples (Vr»-i, U v p, ap, bp), where Vr«-i is a quiver of 

r" _1 , U r p is a quiver of Y 13 , ap and 6/3 are morphisms of r n,/3 -quivers, ap : ipp (Vrn-i) — > 

ip(U T 0) and 6/3 : ipiJA^e) — > T/^(Vr»-i), such that the composition 6a : t/> ° (Vr«-i) — ► 

(Vr"-i) is equal to Tg, see (17.30p . A morphism between objects (Vr»-i, Wf\3, ap, bp) 
and (Vf n _i,Wf,3,a^,6^) of Q n ^ is a pair (£,77/3), where £ G Hom Quirn _ 1 (V r »-i, Vf„_i), 

^7/3 G Hom Qtt i r(3 (W r /3,W^), such that a^ ( ° (0 = ip(vp) a p, and V> (0) (£)6/3 = b'pip{r)p). 

Now we assume that the index /3 is not fixed, but range over the set I n (T). 
Let Q n be the category of collections {Vr^-i, U^p, ap, bp \ (3 G I n (T)}, where Vr»-i 
is a quiver of T™ -1 , W r ,a is a quiver of V 13 , ap and bp are morphisms of r n,/3 -quivers, 

ap : ^i (Vrn-i) — > ip(U r p) and 6^ : ip(ll v p) —>■ i\)p (Vrn-i), such that the composition 6a : 

■0^° ' (Vpn-i) - ► (V]>-i) is equal to T/9. A morphism between objects {Vr»-i, Wr/*> a^, 6/3 | 
(3 G I„(r)} and {V^„-i,U^ ,a'p, Up \ (3 G I„(T)} is a collection {£, r\p \ (3 G /n(r)}, where £ G 

HomQ Uir „_ 1 (Vrn-i, Vf„_i), and ^ G HoniQ Mir/3 (W r/3 , U' v , 3 ) , such that a^> (0) (£) = ip(r)p)ap, 

and (g)bp = b'pip{r]p) for any /? G I»(r). 

For any (3 G I n (r), A G Q n,/3 , A= (Vr»-i,Z4/s, a/j, 6/j), denote by v(A) the r n_1 -quiver 
Vpn-i- Define the fibered product Q n of the categories Q n, &, 

(7-31) Q = Q ' 1 XQuipn-i Q x Qm rn „i ' ' ' x Qui rn „i Q ,l3m j 
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where the product is taken over all (3k G I n (X). An object of the category Q n is the 
collection of quadruples A x G Q n ' /3l ,A 2 G Q nA , A m G Q n,/3m , such that v{A x ) = 
v{A 2 ) = ■■■ = v(A m ). 



□ 



Lemma 7.2. The categories Q n and Q n are equivalent. 

Define a functor fi : Qui^n — > Q n as follows. For any Vp™ G Quir^ we set 

^(Vr«) = {C-i^^^Vr-),^,^ I P G I(T»)} . 
Lemma 7.3. T/ie functor fi : Qui?™ — > Q n an equivalence of categories. 

Proof. In order to prove that fi is a functor, one should check the commutativity of 
certain diagrams of maps between quivers. A direct check shows that the relations (ii)-(v) 
of Section [3T21 imply the required equalities. The functor fi is an equivalence of categories, 
since the spaces V a and the maps A a< p of the quiver Vr« can be reconstructed from /x(Vr~). 

7.6.4. Gluing data for quiver T> Xn ,p -modules. Fix a vertex (3 G I n (T). Choose a generic 
constant vector field £p such that (£p, /«) = 1 and set, following the notations of the 
previous section, / = fg, £ = £p, 9 = f g £p. We apply the construction of Section [7.6. II to 
Y = I"'", Z = Y HH, 9, and the Dy-module E Y V r ^ = E n V V n{Y), which is the restriction 
of the -Dx™-module F n Vr« to the open subset Y = X n ^ . We denote by ip the closed 
embedding of Xp to Z. 

Denote by V± the following finite-dimensional subspaces of the space of global sections 
of the -Dy-module FyVr™: 

v + = © n a <g> v a , v_=rip ® 



(7.32) F fc (F£V r - 



Let F k {V Y ) be the filtration of T> Y , associated to the sheaf of ideals, generated by / = fg 
as in Section 17.6.11 Set 

F k (V Y )-V+, _ k>0 

F k+1 (V Y )V„ + F k (V Y )-V + , k<0. 

Formula (17.321) determines a filtration of the sheaf F n Vr™. 

Lemma 7.4. 

(i) The filtration is good with respect to F(T> Y ). 

(ii) The sheaf F° {E Y Vr n ) / F 1 (FyVr«) of T>z-modules is isomorphic to the T> z -module 

(iii) The sheaf F -1 (E Y Vr n ) I F° (FyV r «) of T>z -modules is isomorphic to the quiver V z - 
module E n ~ 1 ipp~ 1 \Vr™) ■ 

(iv) V z -module maps grjp : F- 1 {E Y V V n) / 'F°(EyV r n) -> F^F^^/F^F^r-) 
andgr£p : F^F^Vr-V^^yVr-O -> F- 1 (F^V r ™)/F°(F^V r ») are isomorphic to 
corresponding Vz-module maps E n ~ x bp: E 71 ' 1 ^^ (V T n) -> E" -1 ^ CM and 
E n - X ap : E n ~ l iJ)p ^ (Vr~) -> F^V^CM- 
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(v) The minimal polynomial of the map gr 9p coincides with minimal polynomial of 
the mapbpap: © Qe / n _ 1 (r)V Q -> ® a ei n -i(r)V a - 

The proof of statements (ii)-(v) is based on Proposition 14.21 and consists of direct 
calculations with quiver Py-modules on affine open sets . □ 
Let Gp be a non-resonant section of C. 

Denote by Ai^™ = M*xl DAtx™ the category of holomomic £>x™- m odules with regular 
singularities, smooth along the strata of X n . 

Denote by Kf n ^(Gp) the category of quadruples (M, N, cp, dp) where M E M^i-i, N E 
M h x° } cp : ^(M) -> (ip)*N and dp : (ip)*N -> ¥^(M) are 2Vmodule morphisms 

such that dpcp = grOp : \1/^(M) — > ty-^ (M) and all eigenvalues of eigcg are in the set 

G/3. The gluing construction, see Section [7.6.11 says that the functor H(Gp) : A\ h Zn t p ~^ 
Sf^iGp), attaching to every M E M%i P the quadruple (M\ Xn -i,(ip)*^ 1 \M),Cp = 

gr£p,dp = grfp), establishes an equivalence of the two categories. For any object N E 

A? n >P(Gp), N = (M,N,Cp,dp) denote by vp{N) the £> X n-i-module M. 
Let Gp C Gp be a non-resonant set. 

Consider the category Q n,l3 (Gp) of the quadruples Q = (Vr»-i, U T e, dp, bp) in Q n ^ ', such 
that the eigenvalues of the operator (I7.30P are contained in Gp. Then an assignment 

defines a functor F n '^ : Q n ' p (Gp) -> Af n ^(Gp). 

Consider the category Quirn(Gp) C Quir^ of level n quivers Vr«, such that the eigen- 
values of operator Tp, defined in (13. 5p . are contained in the set Gp. By Lemma [731 we 
have a commutative diagram of functors: 



Qui rn (Gp) — ( - ^> M h x Z, 



(7.33) 



Q^(Gp) N n 'P{Gp) 



The vertical lines in the diagram (17.331) represent equivalences of categories. 

7.6.5. The induction. Suppose that for every vertex ft E I n (X) there are chosen: (a) a 
non-resonant section Gp of C; (b) a non-resonant set Gp C Gp; (c) a generic affine function 
fa E Fp and a generic constant vector field £p such that (£p, f p) = 1. For every ft E / n (r) 
denote by the intersection ^"^'^ 0{//3 = 0}, by ip the closed embedding of Xp to Zp. 

Consider the category Af n ({Gp}), which consists of the collections {M, Np, ap, bp \ ft E 
J n (r)}, where M is a holonomic X^-i-module with regular singularities, iV^ is a holo- 
nomic X^-module with regular singularities, a : tytg (M) — >■ (ip)*(N) and 6 : (ip)^(N) — > 

*§ 5 (M) are £> Z/3 -module maps such that 6a = gr6^ : #§ } (M) -> ^(M) and all eigen- 
values of ba are in the set Gp. The category Af n ({Gp}) is equivalent to the fibered product 
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of the categories J\f n, ^{Gp). This fibered product consists of the collections (Np 1 , ...,Np m ), 
where Np k G Kf nA {Gp k ) and u Pl (N Pl ) = ... = ZpjNpJ. 

Denote by Quir^({Gp}) C Quir^ the category of level n quivers Vr«, such that the 
eigenvalues of operator Tp, defined in (13.51) . are contained in the set Gp for every (3 G I n (X). 

Denote by Q n ({Gp}) the category of collections Q = {V^-i,U T i3 , ap,bp \ (3 G I n {^)} in 
Q n , such that the eigenvalues of the operator Tp are contained in Gp for every (3 G I n (X). 

The assignment 

F n . q _> {^^(Vp^),^ ^),^-^^),^- 1 ^) | /3 g /„(r)}, 

defines a functor F" : Q n ({Gg}) — > jV n ({Gp}). We have a commutative diagram 

rn 

Qui V n{{Gp}) -^-> A4£ n ' 
(7.34) m 



The functor ^({G^}) attaches to any M G -M^„ s the collection (M x »-i, (i/?)**^ ^(Af), 
= gr^p,dp = gr f p \ (3 £ I n (T)). This functor is equivalent to the fibered product of 
functors H(Gp) and thus is an equivalence of categories. We know also that the functor 
fj, is an equivalence of categories. Thus if the functor F n is full, then the functor E n is 
full as well. 

Consider the category Qui rn ^ Ga G/3 G ^ associated with a collection of non- resonant 
sets {G Q }, a G I(T n ) \ 0, and a collection of weakly non-resonant sets Gp, [3 G I(T n ) \ 0, 

and {G lt s}, where (7, 5) G E(T n+1 ), 7 y 5. For the same collection of sets {G a , Gp, G y< s} 
denote by Q n ~ the category of sequences Q = {Vrn-i,U T 0,as,bp \ [3 G I n (T)} in 

Q n , such that 

(a) for any (3 G I n (X) the eigenvalues of the operator Tp, defined in (13.51) . are contained 
in the set Gp, 

(b) the level n — 1 quiver Vr«-i is in the category Qui r „_ 1 ^ G/3 G g y, 

(c) for any (3 G I n (X) the (level zero) T^-quiver U r /3 = {U%,C^} is in the category 
Qui Tf) |g G y, that is, the eigenvalues of the operator CJ lie in the set Gp :i0 ^ 

and the eigenvalues of the operator Yli^^l ^ e m the set Gp. 
The functor u establishes an equivalence of categories Qui rn sn ^ n x and 0™ ~ 

Suppose that the statement (ii) of Proposition 14.31 is valid for quivers of level less than 
n. Then the restriction of the functor E n ~ x to the category Qui T „-i ^ Ga G/j G s y is full and 
faithful. Proposition 14.41 implies that the restriction of the functor E° to the category 
Qui rf} G } is full and faithful. Thus the restriction of the functor F n to the category 

0™ _ , is full. This proves that the restriction of the functor E n to the category 

{g q ,,g / 3,g 7>4 7 

^ m r- {g q ,g,,g 7 ,,} is fulL D 
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7.7. Proof of Theorem 14.61 In this section we use the following notion. Let Y be an 
affine nonsingular variety. Let z\, Zk be regular functions on Y. Assume that Z C Y 
defined by equations Z\ = 0, . . . , z^ = is nonsingular. Let N be a D^-module. Set 

N z = {n e N \ z p -n = for j = 1, k and p 6 N,j) > 1}. Then N z is the maximal 
submodule of M with support in Z. 

Keep the notations of Section I7T61 Let V r n-i = {V a , A aij(X2 , A^} be a r n_1 -quiver. Fix a 
vertex j3 G / n (r), a level n— 1 vertex framing T n -i, and a generic affine function / * G Fp. 
They define open affine subsets Ujt , C X n_1 , see (12.51) . and U = U T a C X n,/3 , see 

^ n — 1 

(I7.29p . Then X^ C U is a closed nonsingular subvariety of {7. Denote by M the restriction 
to X n,/3 of the sheaf j nin _i ji( ,(i? n_1 Vr«-i) of £>x™-modules and by M\j the restriction of M 
to U. 

Let H = {f p = 0}, Hu = U n H C Z = X n ^ n H, and U = U \ H v . Let f be a 
constant vector field on X, such that £(<ifg) = 1. Denote by # the vector field 9 = /£. 
Let G/3 be a non-resonant section of C and Gp C Gg a non-resonant set. Let (M) be 

the graded factors of the Kashiwara-Malgrange filtration of M, associated with the ideal, 
generated by the function fp, and the set Gp. 

Lemma 7.5. 

(i) The image of the map ba : (M) — > ty-^ (M) /ias support in Xp C iTg, 



Im ba C (tfg>(M)) 



(ii) T/ie Vz-module ^(M) /ias support in Xp, 

(iii) TTie gluing data for T>u -module M are isomorphic to 

(M\„,^l(M)) X \a,by 



where b : (M) ) — > *ff^ (M) is the canonical inclusion and a : \E4^ (M) — > 

(o) \ ^ ( (o) \ ^ 

\1>L ; (M)J is the restriction of the monodromy map ba to (tfg^(Af)J . 

Proof. The statement (i) follows from statements (ii) and (iv) of Lemma I7.4[ Section 
17.6.41 Let us prove statement (ii). Note that since /« is generic, for any a G J(r n_1 ) 
there exists a vector field r\ G T a , such that {rj, fg) ^ 0. This implies that in the open 
set U any element in F^ [My) can be presented as a fraction =p, where m G -F^ (Mp). 

Indeed, for any element n G My, we have the inclusion f^n G F^ (My) for sufficiently 

big k, so the elements of F~ (My) generate My as a D[/[/^ 1 ]-module, that is, generate 

My as a TV module in the open set fp ^ 0. Then any element n G F^ (My) can be 



so 



written as n = f p m' , where m! G F^ (My), or as n = ism', where m! G F^(Mjj), and 

z/ is a vector field with constant coefficients, such that (u, f g ) ^ 0. In the last case we 
can find a constant field z/, such that (z/, f 3 ) = (u, f g ) and the element n' = v'm! G 
Fq 1 (Mu) satisfies the following properties. It contains a smaller number of derivatives in 
its expression in terms of vectors uJ a ® v a and there is an inclusion n — n! G F^JyMjj). 

By induction we prove that there exists m G F^ (Mjj), such that n = f~ x m. Let /' be 
another generic affine function, vanishing on Xp. By the same arguments we show that 
there exists an element m G F^(Mjj), such that n = f'~ k m for some integer k > 0. Put 

x = fg — f. The equality 

m m 

implies that x k n G F^(Mu), that is 

x k n = in ^Z 1 (M v ) , 

where x = x\h v - This proves statement (ii) of the lemma. 

Denote by j the inclusion j : U U and by M the P^-module M = M\q = 
E n ~ l Vt:n,-i{U). Let M' be the "D^-module, given by the gluing data 

^M,(4°)(M)) X ",a,6^), 

where the maps a and b are described in statement (iii) of the lemma. For any ©[/-module 
N, whose gluing data satisfy the condition that ^/^^(N) is supported at Xp, we have 
the equality 

(7.35) Hom^Cf (TV), M) ~ Rom Vu ((N), M') . 

Moreover, M' is the unique P^-module, satisfying conditions (I7.35p . Denote be jp the 
inclusion jp : U? n _ x <^-> [/. Since f* is generic, we have the equality 

Hom^(? (AO, M) ~ Hom^ n _ i 0-;(iV),^~ 1 Vr»-i|^ n _ 1 )- 

This equality, relation (I7.35P and statement (ii) of lemma imply statement (ii). □ 

Lemma 7.6. Let E n Vr™ be the T>x«-module, attached to a T n -quiver Vp»- Let (3 G /(r n ), 
1(13) — n, be a vertex such that the operator Sp, defined in flff.^p has no positive integer 
eigenvalues. Then the V x ^-module (E n Vr^) Xl3 is generated by vectors of the vector space 
Vp®Vtp , where 

(7.36) V' p = f| Ker A a> p C V . 

a, 

The proof of the lemma goes in two steps. First, we show that the lemma holds in a 
special case of a quiver D-module supported at a flag of a normal crossing arrangement 
and then show how to reduce the general case to the special. 
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Denote by C n ^ the arrangement of n hyperplanes {zj = 0}, j = 1, ..,n, in the affine 



N ■ 



space C with coordinates z/., k = 1, N. Let T n be the graph of the arrangement C n> 
The vertices of T n are labeled by subsets J C {1, ...,n}. We say that a r n -quiver V is 
supported at the flag 0, {1}, {1, 2}, {1, 2, n) of vertices of Y n if the vector spaces Vj 
of the quiver are nonzero only for J equal to one of the sets J = 0, J\ = {1}, J2 = {1, 2}, 
... , J n = {l,2,^..,n}. 

Let V be a T n -quiver supported at the flag {1}, {1, 2}, {1, 2, n}. Choose basic 
exterior forms ZJj k G Qj k , oJj k = dz^+i A ... A dzN and denote wj fe = ZJj k <g> vj k . Then the 
defining relations (I4.25P and (I4.26P for the quiver Px-module EV look as follows: 



(7.37) 



ZiV Jk = 0, % < k, f d z .v Jh = 0, z > k + 1, 



^ Jfc = A Jk _ liJk v i = k, \ d Zi v Jh = A Jk+uJk v i — k + l. 



Denote by Z the stratum Xj n , given by equations Z\ = ... = z n = 0. Suppose x G (EV) Z . 
We can assume that 

(7.38) x = P(z n+1 , z N )8% ■ ■ ■ d^vjj, 

where Vj n G Vji 2 ,...,n}. We claim that x G (EV) Z fj n G Ker Aj n _ ln if the operator 
S"/ = Aj .vl; . : V7 — > V"/ has no positive integer eigenvalues. 

Suppose we prove this claim for x, such that k\ + ... + k n < k, see (17.381) . Let us prove 
the claim for k\ + ...+k n = k. Since Zi(vj n ) = for i — 1, ...,n — 1, the condition zf^x = 
for M > implies fci = for i = l,...,n — 1. Let x = P(z n+ i, z N )d^(vj n ). If fc n = 0, 
then the condition z^fx = implies x G Ker Aj n _ ln by (17.371) . Let A; n 7^ 0. Then 



z n x = P(z n+1 , z N )d k z : 1 (A Jnin _ 1 A Jn _ lin - k n ) v Jn . 

The condition z^fx = for some M > implies by assumption of induction that 
(Aj n , n -iA Jn _ ln - k n ) v Jn G Ker A Jn _ ln , that is 

(7-39) A Jn _ 1>n (Aj^Aj^ - k n ) v Jn = (A Jft _ 1>n A Jn>n _ 1 - k n ) A Jn _ ln v Jn = 0. 

The operator A Jn _ x n A Jn as well as the operator S Jn = A Jn n _ x A Jn _ X n has no positive 
integer eigenvalues, so the operator \Aj n _ Xn Aj nn _ x — k n ) is invertible and (17.391) implies 
Aj n _ lin v Jn = 0. 

The passage from the general case to the special case of normal crossing, described 
above, is based on the following observation. 

Keep the notations of Section 17.6.11 Let Y be a smooth algebraic complex variety, let 
Z C Y be a smooth subvariety of Y and let / C Oy be a sheaf of ideals of the functions 
vanishing on Z . Let M be a holonomic Py-module and let F(M) be a good filtration 
with respect to /. Note that in general r\ n F n (M) ^ 0. 

Lemma 7.7. Let m be a nonzero element of a Dy-module M annihilated by some power 
of the ideal I , I k m = 0. Then there exists n£Z such that m (jL F n (M). Thus the symbol 
gr (m) is well defined and is a nonzero element of the associated graded quotient gr (M) . 

The claim follows from condition (ii), Section \7.6. 1\ for good nitrations and the fact 
that F k (V Y ) C F°(V Y ) ■ I k for all k > 0. □ 
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Return to the proof of Lemma 17.61 for a general arrangement C. Let E n Vr n be the 
"Dx^-module, attached to the r n -quiver Vr«- Let (3 G I(T n ), 1(0) = n, be a vertex 
such that the operator Sp has no positive integer eigenvalues. Let zi,...,z x be affine 
coordinates in X = C N such that the closure Xp of the stratum Xp is given by the 
equations Z\ = 0, . . . , z n = 0, and the functions z±, ...,z n are generic affine functions in 
Fp- 

Denote by (E n V r «) the V x n - module, generated by vectors of the vector space VL®Vtp , 

where the space V'p is defined in ( TT36D . Clearly (E n V T n)° C (^"Vr™)^- We will prove 
that 

(7.40) (£ n V r -)° = (^Vrn)^ 

under the conditions of Lemma 17.61 

For k — 1, n let 1% be the left ideal of Ox, generated by zi, Z2, z&. Let gr fc denote 
the graded quotient space with respect to a good filtration, determined by the ideal 
Then gr 1 n (E n Vv n ) '■= g r n g r n-i ' ' ' g r i(-E ,n "^r™) is a quiver "Dy-module, where Y denotes 
the affine space stratified by intersections of coordinate hyperplanes {zj = 0}, j = 
1, n, and the corresponding quiver is supported at the flag 0, {1}, {1, 2}, {1, 2, n} 
of vertices of r n , described above. More precisely, gr 1 n (E n Vr n ) is a T -quiver T>y- 
module EVf>, such that the space Vj h of the quiver Vp™ is isomorphic to the direct sum 

V Jk ~ © V a , 

a, a>/3,l(a)=k 

and the maps A Jk j k±1 are the sums of the corresponding maps A aua .. In particular, 
Vj k ~ Vp (and Yj n ~ Xp), and the map Sj n is isomorphic to the map Sp. Thus we 
conclude that the conditions of Lemma 17.61 imply the equality 

(7-41) (F W (E n V r ,))° = (gr w (^Vrn))^ . 

By Lemma [7771 any element m G (i?"Vr") X ' 3 has a well defined nonzero symbol gr 1 n (m)- 
Thus relation (17.411) implies relation (17.401) . This proves Lemma [7.61 □. 

Return to the proof of Theorem 14.61 Since the operator Tp for the quiver E n ~ l Vr^-^ 
is isomorphic to the operator Sp for the quiver ^ 0) (Vr«), the D^-module (tfg>(Af)) " 
is generated by the space Wp C ® a ei n -i(r), aypVa, which consists of the vectors w = 
Eoe;„_i(r) a yp v a- Here v a are vectors in V a , such that for any 5 G J n _ 2 (r), satisfying 
the condition 5 > f3, the sum X] a g/„_ 1 (r) a^yfl A«^a equals zero. 

Then statement (iii) of Lemma 17.51 implies that the gluing data for the "D^-module 
M = j„ jn _i ) *-E n_1 Vr«-i coincide with the gluing data of the Dx"-module E n s n , n -i ,*Vr«-i- 
This proves statement (i) of Theorem 14.61 □. 

Let us prove statement (ii) of Theorem 14.61 

We need the following general property of adjoint functors. Let A and B be additive 
categories. Let F : A — > B and G : B — » A form a pair of left and right adjoint functors. 
The adjunction is established by a collection of isomorphisms of adjunction, 

a x ,v ■ Hohu (X, G(Y)) ^ Hom B (F(X), Y) , X G A, Y G B. 
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Let gf,g{X) : X — > GF(X), tf } g(Y) : FG{Y) — > Y, be the corresponding adjunction 
morphisms, see ( 13. 131) . One can see that the adjunction morphisms completely determine 
the isomorphisms of adjunction. Namely, for any X G A, Y G B and morphisms (p G 
Hom_4(X, and ip G Hom e (F(X), y) we have the equalities 

(7.42) a xx ( V ) = t f , g (Y) ■ F(<p) , agyty) = G(i>) ■ a F , G (X) . 

Statement (ii) of Theorem 14.61 relates the isomorphisms of adjunction of two pairs of 
adjoint functors. The first pair consists of the functors j* k : Qui r i — > Qui r k and J/^*: 
Qui r k — > Qui T i, where < k < I < N. The second pair consists of the functors j* k : 
M hoi ^ M hoi and ji ky M hoi ^ M hoi 

Relation (17.421) says that it is sufficient to prove that the corresponding adjunction 
morphisms r commute with the functor E k , 



(7-43) E\ kJLk jV r k)=r J *. k jE k V ] 



k 



for any strongly non- resonant level k quiver V-pk . By the constructions of Section I3.4[ the 
morphism T S * kA ^ : J? >fc Jj,fc,*(Vr*) -> (V r *) is realized as the identity map, Tj^j^J^ = 
Id Va , 1(a) < k. On the other hand, for any M G M^l the map Tj* ^ k , : j* h ji,k,*(M) — > M 
is the identification with M of the restriction to the open set X k of the direct image 
ji,k,*(M). Relation (17.431) means that the restriction to X k of both sides of relation (14.41 j) 
is equal to E k (V r k). This is true since all constructions of Section 17.71 do not change 
quiver P-modules on the open set X k . □. 

7.8. Proof of Theorem 14.111 Introduce a filtration on the complex (TZE°Vro, d) as 
follows. Set deg(-D £g> £i A ... A £ r <8> uj® ® v%) = k if D is a differential operator of degree 
k — r and denote by 1ZE°V^q the vector subspace of IZE^Vto, generated by elements of 
degree less than or equal to k. We have d(JlE°V$) C KE°vj$ , 

(7.44) C KE°V$ C ... C KE?V$ C ... C HE°V r o, 

and \J k >o nE ° V TO = KE°V r o. The image of the differential d in the quotient space 
KEPV$ /KEPV^ coincides with the image of the differential d\. The quotient com- 
plex gilZE°V^ = lZE°vffi /TZE°V^ k +1 ^ is isomorphic to the tensor product of the free 

(9 (X°) -module O(X ) <S> fi <S> Vq and the fc-th graded component of the Koszul complex 

d 

(S(C N ) ® A(C N ), d Ko s), where d Kos = J2i=i e i ® for a given basis ei, , e N of C^: 

grft^V^ « 0(X°) ®H (g) V ® (S(C") <g> A(C 7V )) (fc) . 

The complex ((5'(C iV ) ® A(C 7V ))( fc \ dKos) is acyclic for > and consists of a one di- 
mensional space S°(C N ) <8> A°(C Ar ) with the zero differential for k = 0. As a consequence, 
the complex grlZE°V^ k J is acyclic for > 0, while RE°V^o consists of the vector space 
C(X o )®n (g)V0(g)5' o (C Ar )(g)A o (C iV ) with the zero differential. This implies that the inclu- 
sion i : RE°V^} RE°Vro is a quasi-isomorphism. On the other hand, by Proposition 
(i), the composition ui is an isomorphism of the vector spaces O(X ) <g)£l$<g)V$ and 
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-E^Vro. Thus the map u is also a quasi- isomorphism of the complex (TZE°Vro, d) and of 
-E°Vro, treated as the complex with zero differential. □ 

7.9. Proof of Theorem 14.131 Let D k x C Dx denote the subspace of differential opera- 
tors of order less than or equal to k. 

Fix a quiver V = {V a ,A a> p}. Let a G For any v a G V a and uJ a G fl a , set 

deg(p a <S> v a ) = 1(a). Set also deg£ = 1 for any £ G T Q and deg/ = for any f E F a . 
Hence degx = p + Z(a) for any x G /\ p T a A A 9 ^« ® ® Define ft£V fc as the 
subspace of TZEV, spanned by linear combinations 

a<El(T) 

where x a G f\* T a ® £l a <g> V^, y Q G and degx Q + degy a < k. 
Lemma 7.8. 

(i) For any k > 0, TZEV k is a subcomplex of TZEV. 

iii) For any k,l >0, there are inclusions V\TZEV l C TZEV k+l . 

□ 

By Lemma 17.81 we have a filtration 

C TZEV C TZEV 1 C ... C TZEV 

of the complex TZEV by subcomplexes 7ZEV k . We can view this filtration as a pair: a 
filtration 

C TZEV C TZEV 1 C ... C TZEV 
of the complex TZEV, and a filtration 

C EV° C EV 1 C ... C EV 

of the Px-module E?V. This filtration coincides with the principal filtration F P EV of EV, 
see Section FOl We also have the map v of filtered complexes, v : TZEV — ► EV(.\. Let 

7e£V fe = TZEV k lTZEV k ~ x , and £V fc = EV k /EV k ^. The space ft£V fc is spanned by 

linear combinations where x a G /\* 7^, <8> f2 Q <8> V a is an element of some degree 

aeir 

j, y is the symbol of a differential operator of degree k — j in T> x ^ jT> x ^~ x . 

The differential d in the graded quotient complex TZEV = (Bk>oTZEV k can be presented 
as the difference d — d\ — do, where 

r 

^1 (|/a A ... At r <g>cJ a <g>f a ) = <g>*l A ...U... /\t r ®UJ a ®V a , 

G?0 (l/a ® *1 A ... At r ® aJ a <g) v a ) = Yl Va ® Ap (ti A ... At r ® U a ® fa). 

By Proposition 14.11 the space £7V can be identified with the space M, 

M — © S{T' a ) ® S(F Q ) ® H Q ® 7 a . 
ae/(r) 
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Here S(T^) = ®j>oS^ (T' a ) and S(F' a ) ®j>o S^(F' a ) are the symmetric algebras of the 
spaces T' a and F' a introduced in Section 12.21 The identification map : M — > EV, 

(7.45) ip{£h ■ ■ ■ tin ® fh ■ ■ ■ fjm ® ® W «) = &i • • • 6i„/n • • • (W a ® «a) 

is an application of commuting elements G T£ C and E F' a C. T>x to the 
vectors cJ Q © u Q G EV. 

For any a G I(T), £ G , and f E F' a) set deg£ = 1, deg/ = 0, and deg(cJ a © v a ) = 
1(a). Thus, M is a graded space with graded components 

M<*> = © © ^'(T^ ) © S(F^ ) © H a © V Q . 

aeJ(r)j,i+i(a)=fe 

Set M k = © M^. The spaces M fc , A; > 0, give an increasing filtration on M: 

j<k 

C M° C ... C M fc C ... C M. 

Lemma 7.9. T7ie map ( |7.^5| ) establishes an isomorphism of the filtered spaces M and 
EV. 

Proof. We know by Proposition 14.11 that the linear map (17.451) is an isomorphism. So 
it is sufficient to establish an equality of vector spaces 

(7.46) ¥>(M k ) = EV k . 

for any k > 0. We prove ( 17.461) by induction over k. By definition of M k and EV k , we 
have <p(M k ) C EV k and <p(M°) = EV°. Suppose we know that ^(M fc_1 ) = EV^ 1 for 
some k > 1 . Consider an element x = y -uj a ® v a G £V fe , where y G £>^ (a) . We prove 
by induction on dim X a = N — 1(a) that x G ip(M k ). Present x as 

(7-47) x = Y,.&f&fi{u a ®v a ), 

where //, /j G are homogeneous elements of the symmetric algebras over 
T' a , F' a , T a , F a , respectively. The summands in (17.471) with fi G S + (F a ) = ©j>o5' J ! (F a ) 
belong to EV k ~ x . The summands in (EHJ) with /; = 1 but & G S + (T a ) can be presented 
in the form j/gwj^ yp{wp<8>vp) and belong to £'V fc according to the assumption of the 
induction on iV — 1(a). For vertices a, /(a) = N, the summands in (I7.47P with fi = l but 
£j G »S + (T a ) are missing since T a = in this case. The rest of the summands is of the 
form $//(57 a © v a ) with # G 5(T^ ), f[ G ), and belong to tp(M k ) by the definition 
of ip. □ 

Let v : 7^EV — > EV = ® k > EV k be the map, induced by v. Identify EV k with M^. 
The proof of Lemma [7.91 shows that for any y G T> l x /'D 1 ^ 1 and a G /(T) we can write the 
image T>(y © UJ a © t> Q ) as 

i7(y © oJ a © u a ) = © vp a (y®W a ©f Q ), 

/3, /3>a 

where z/ Aa (j/ © aJ a © v a ) G S(T^ ) © S(F' /3 ) ©H^ © Vp and for any f G 5(T^ ), /' G ), 

£eS(T a ),feS(F a ), 
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Here 

(7.48) e : S(V) -> C 

is the augmentation map, equal to the projection of the symmetric algebra of a vector 
space V to its zero graded component S°(V) « C parallel to S+(V) = ® k >oS k (V). 

For a fixed k > and Z = 0, ...,N = dim X, define lZEV k ' 1 as the vector subspace of 
the space TZEV k , spanned by the linear combinations 

^ Vcv^ai 
a, l(a)>l 

where x a G /\* 7^ g) f2 Q (g) V^, y a is the symbol of a homogeneous differential operator 
in such that degx Q + degy Q = k. Define also EV k ' 1 to be the subspace of the space 
EV k generated by the elements £' <8 /' ® U a ® t> Q with /(a) > /. 

Lemma 7.10. Let k > and I = 0, N = dim X. TTien 

(i) 1ZEV k ' L is a subcomplex of lZEV k , 

(ii) ^V fc '' C KEVy and EV k > 1 C £V fc/ if I > I', 
(hi) v{KEV k ' 1 ) C £V M . 

□ 

By Lemma [7.101 for any k > 0, we have the filtration of complexes, 

C KEV KN C ... C KEV k '° = TZEV k , 
the filtration of the space EV k , 

C EV k ' N C ... C EV k '° = EV k 

and the map v of filtered complexes v : ft£V fe -> SVfj. For Z = 0, JV let 1ZEV k ' 1 = 

KEV k ' l /KEV k ' l+1 be the quotient complex oiKEV k and £V M = EV k ' 1 / EV k ' l+1 the quo- 
tient module of EV k . The space 1ZEV k ' 1 is spanned by linear combinations t ^ =l y a x a , 
where x a G f\* T a g) O a ® V^, y a is the symbol of a homogeneous differential operator in 
T>x such that deg x a + deg y a = k. The space .EV^ is generated by linear combinations 
E«, i(a)=! & ® £ ® aJa ® w a , where £ G 5 fc -'(T^ ), £e ). 

Let d be the differential in the quotient complex 1ZEV = (BkjlZEV ' l and v the map 
UEVq -> £V = ® k}i EV k ' 1 induced by v. We have d = d 1} where 

r 

(7.49) di (y a <8> A ... A t r ® U a <g> t> Q ) =^(-l) ?+1 y a £ i <g> t x A A t r <g> ZJ a <g> t> a , 
and 

(7.50) vgf'U ®^ a ® v a ) = e(£)e(f) £' <g> /' ® ZU Q ® u a . 

Relations (I7.49p and (I7.50p show that the complex 1ZEV is the direct sum of its sub- 
complexes 7lEV a , generated by the elements of the form y a x a with a fixed a G I(T). 
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The vector space E is the direct sum of its subspaces E a , generated by the elements 
i' ® f ®uj a ® v a . The complex 7ZEV a , the space E a and the map v form the complex 

■REV : -> TZ- N EV S K- N+1 EV • • • S TZ°EV -A EV -> 0. 

This complex is isomorphic to the tensor product of Koszul complexes related to sym- 
metric algebras S^Tq, ) and S(F a ) with coefficients in the rings S(T^ ) ® ): 

ft£V « © £(1^ ) <g> S(F^ ) ® Kosr a © KosF a - 
aei(r) 

Recall that for a vector space V of the dimension N, the Koszul complex Kosyis the total 
complex of free S'(V) -module resolution of the trivial S'(V) -module C: 

Kos v : -> © /\ 7V (V*) • • • d ^ s S{V) © /\V*) C -> 0, 

where <i^ os = Yli=i e « ® with {e,} and {e 1 }, i = 1, N, being dual bases of V and 
V*, and £ is the augmentation map e : S^V) — > C, see f)7.48p . 

The complex 1ZEV is acyclic, since Koszul complexes are acyclic. Then the complex 

TZEV, as well as 1ZEV is acyclic, since all its graded factors are acyclic. Theorem 14. 131 is 
proved. □ 

7.10. Proof of Theorem 14.141 We prove statement (ii) of the theorem. Statement (i) 
is a specialization of (ii) to the open set X°. 

First we reformulate statement (ii). Let V be a quiver of T. Consider the complex 

RHom Vx (lZEV,V x )[N] , 

and denote it by 1ZEV. The complex has N + 1 terms. Write it as 

TZEV : -> U- N EV -> ► 7Z EV -> . 

Then deg7^ fc £V = k, and 

~ / A iV-r 



aei(r) 

We have to prove that TZEV is quasi-isomorphic to the complex 1ZE(tV) 

l-Jr- A • • • A o^- 

OZi OZjv 



Choose a vector 77 G /\ 7V T0, 77 = c^- A • • • A in local affine coordinates zi, 2;^ of 



C^, and define a pairing 

(/\ r r a © n Q © 7 a ) © (/\ JV ~ r t q © n Q © vf\ -> c 

in the following way. Let a G //(r), £ p , G /\ p T a , G /\ q F a , where p + q = 

uJ a ,ui' a eU a ,v a e V a , v' a g Set 

(£> A £ © U a © u a , A f' q , © a4 © O = 

\ ' ) p(p-l)+g(g-l) . -» -t -> -i 

= (-1) 2 V^-Z-AV-gVSp A V> W a) ' W «/<? AuJ a A d fq>) ■ \ V a, V a ) . 



Due to ( 17.51!) we have an isomorphism 

K_ r EV « © V x © f A r r « ® ® K*) • 
a€/(r) v \ / 

The differential d : lZ_ r EV — > 72-_ r +i-E'V, adjoint to the differential f)4.47p . takes the form 
g? — c?i — (io, 

d x (d Oti A ... M r ©ZJ a © v a ) = j^(-l) i+1 t { P{D) ®t x A At r ®u a ®v ol , 
do \D®t\ A... A t r ® uJ a ® u a ) = ^ D ® a {ti A ... At r ®u a ® v a ), 

where ti E T a , ZJ a v a E £l a © K*, Z) G and x^'(D) means the action of x E V x 
on the element D E T>x with respect to the first Dx- m odule structure on T>x, defined 
in Section 14.101 We note that T>x is the free Dx-module of rank one with respect to 
the second Dx-module structure. A global section Co E say Co = (dz\ A ... A dzx)~ l , 
defines an isomorphism of free left D^-modules 0& : V x —* T>x, 

4>z{D®u) =D- 1. 

Applying the isomorphism we get the isomorphism of T>x- m odules, 

TZ_ r EV « © V x © (!\ T a © H a © V a ) . 

aei(r) v x / 

Under this identification the differential in 1ZEV becomes d — d-^ 

r 

di, (-D © ti A ... A t r © cJ Q © v a ) = ]T(-l) i+1 L> ■ tj ® *i A A t r © U a © v a , 

4 = 1 

d (D © ti A ... A t r (g)ul a © f Q ) = J] D ®A r j3 Jt l A ... At r ®ud a ©f a ), 

/3, (a,/3)Gi?(r) 



where D E V x and T is an anti-isomorphism of V x , such that tj = ti and (j^- 
Define a linear map 

d x © f A' T « ® ® K*) -> © © ( A r © H Q © 1/ a 



ai d_ 

dti 



v : 

ae.r(r) v 1 / aeJ(r) 



as multiplication by (— l) p on each subspace of the form Dx © /\ P T a A f\ q F a ®VL a ®V a . 
Conjugation of d' with v transforms the complex TZEV to the complex 1ZE(tV). The 
theorem is proved. □ 



7.11. Proof of Theorem l5.6l Let C be a central arrangement of hyperplanes in X = C . 
Let V G V = {14, Aq, ^}, be a quiver of the arrangement C and TQV the complex of 
global sections of the de Rham complex QV. The component TQV r , —n < r < 0, of this 
complex is isomorphic to 

tqv = @ ro% © (/\~ r T a © n a © 14) , 
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where TQ^ denotes the space of global holomorphic iV-forms f(z\, ...,zn)cIzi A ... A dzN 
on C-^ with analytic coefficients. The differential d, d(TQV r ) C rQV r+ i in the complex 
TQV is given by formula (15. X ip . 

We construct below a new differential d* : TQV — > TQV, such that d*(TQV r ) C 
TQVr-i- We construct the Laplace operator A = dd* + d*d. Using the Laplace operator, 
we prove that the complex TQV is quasi-isomorphic to the quiver complex C+(V) [N] under 
the assumption that the matrix coefficients of the linear maps A a> p are small enough. 

The definition of the differential d* depends on the choice of a non-degenerate symmetric 
bilinear form ( , ) on the vector space C . 

For any a G I(T), let {&} be an orthonormal basis of the space T a , = S it j, and 

let {£ fe } be an orthonormal basis of the space T' a (see Section 12721) . = S^i. We 

have = 0, since the spaces T a and T' a are orthogonal. We denote by I(T a ) the set 

of the indices of the basis {&} of the space T a . It contains dim T a elements. We denote 
by I(F a ) the set of the indices of the basis {£ fc } of the space T' a . It contains dim F a 
elements. 

Let fi, I G I(F a ), be the elements of F a , such that (£ fc , f t ) = S^i- Let / J , j G I(T a ), 
be the elements of F' a , such that / J ) = <5jj. They form an orthonormal basis of the 
space F ~ F Q © i 7 ^ of all linear function on C^. 

Let d\ : TQV — > TQV be the linear map, defined by the formula 

d\ (u ® t <g> uJ a ® u Q ) = 2J ^ " /* ® & A £ <g)uJ Q ® u a + 2J u ■ £ k ® f k At ®u a ® v a , 



where a G /(T), G Tfi^ 1 , t e /\* T a , ZJ a <E Q a , v a <E V a . 

Choose an edge framing {fp >a , £, a ,p} in such a way that for any edge (a, (5) G E(T), a y 
P, we have £g) = for any ip G Tp, (£', / Aa ) = for any £' G and (£ a ,p, fp >a ) = 1. 
In particular, the last equality implies that the maps -K ay p and irp >a are inverse to each 
other. We call such a framing orthogonal. 

The bilinear form (, ) on defines for any a y (3 orthogonal projections T a — > Tp and 
Fp — > F a , which extend to projections Pp jOC : f\* T a — > f\* Tp and P a> p : f\* Fp — > f\* F a . 
For an orthogonal edge framing {fp, a , Ca,p} we have 



if i a eT ai e /\* Tp c/\*T a ,fpeFp,f a e/\*Fp c /\*F a . 

For each edge (a,/?) G E(T) define a linear map 

<f* i(/3)C0 : r^ n ® /\* r a ® TT a <8) y a -> r^ n ® ^\*r p ®Tip ®v p , 

as follows. Let G TC]3jp, £ Q E f\T a ,J a e f\ F a , uJ a eTt a , v a e V a . We set 
if a; y (3, and 



ie/(T a ) 



fee/(F a ) 



(Ca - (£a, fp,a)£,a,p) A^g, 
(/8 - fp)fp,a) A / Q , 
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if P >- a. Let 

d = rf 0,(/3,a) • 

(a,/3)eE(T) 

Lemma 7.11. The maps d*, i = 0, 1, form two commuting differentials, 

(d*) 2 = for i = 0,l, d*dl + dld* = 0. 



□ 



Define d* = d\ + d* Q and A = dd* + d*d. We decompose A as 

where A^ 2 ) =£d l + d x d\, A« = d*^ + d^* - d\d Q - d Q d\, A^ = -d*d - tWo- 
Denote by V a the following finite-dimensional space: 

v a = f\r a ®n a ®v a , 

and let F = © V a . 

aei(r) 

Lemma 7.12. For any ui G rf^ 1 , w Q G V a , and T> G V , we have 
(ii) A (1) {uj®v) = 0, 

(Hi) A*- - 1 (a; © T>) = w © A^(u) for some linear operator A*' '' : V — > V. 

□ 

Let ct G /(T). For any i> a G and cJ Q G f2 a , set deg(cJa, © v a ) = dim X a = N — /(a). 
Set deg£ = —1 for any £ G T a and deg/ = 1 for any f E F a . Thus for any a; G 
/\ p T a A /\ q F a © fi Q © 14, we have degx = p — g + N — 1(a). This grading gives the 

N k k 

decomposition V = © V , where V consists of elements v G V of degree k. We say that 

fc=0 

a polynomial differential form = f(z±, z^)dz\ A ... A dz N has degree > and write 
degcu = k, if f(z 1 ,...,z^) is a homogeneous polynomial of degree k variables z\,...,zn- 
We say that a holomorphic form u = f(z\, z^)dz\ A ... A dz^ has degree not less than 
k > and write degu; > k, if the holomorphic function f(z±, ztv) has zero of order not 
less than k at the origin z\ = z 2 = ... = zn = 0. 

Define TQV k as the subspace of the vector space TQV, spanned by linear combinations 

N 
3=0 

where v j G V° and ou k ~ J G is a holomorphic form of degree not less than k — j. 

Lemma 7.13. For a central arrangement C and for any k > 0, TQV k is a subcomplex of 
TQV. 
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□ 

By Lemma 17.131 we have a decreasing filtration 

TQV = TQV D TQV 1 D ... D TQV k D ... D 

of the complex TQV by subcomplexes TQV k , such that r\k>oTQV k = 0. Let us prove that 
the subcomplex TQV 1 is acyclic. 

Take an element y G TQV 1 , such that dy = 0. It can be presented as a convergent 
series 

N 

(7.52) y = ^^u 3 ' k - j (z) ® v j , 

j=0 k>l 

where v J G V 3 and uj 3 ' k ~ 3 \z) is a homogeneous polynomial form of degree k — j. The 
convergence means that for every j = 0, N and for any rjj G (V 3 )* the series 

k>l 

converges as a power series in z. 

Since the differential d is homogeneous, we have X^j^o d{uo 3,k ~ 3 \z) ® v 3 ) = for any 

k > 1 . Lemma 17.121 says that for any v 3 G V° and for any homogeneous polynomial form 

u k , degu k = k, we have 

(7.53) A(cj k ®v l ) =u k ® (A i0) + k + l)v l 

Since the Laplace operator A commutes with d and the eigenvalues of A^ are close to 
zero, (17.531) implies also that d(uj 3 ' ' 3 (z) <g> v 3 ) = for all j and k > 1. 

The space V J ' is invariant with respect to A*" "*, A^° ("l/ 3 ) C V J '. Let V 3 = ©a^a be the 

decomposition of V 3 in the generalized eigenspaces of the operator A ° , 

oo 

V{ = UKer(A (0) -A) fc | r . 
Present the element uj 3 > 3 \z) <8> v 3 as 

(7.54) u 3 > k - j {z) ® v j = J' k - 3 \z) ® v l 

A 

. oo 

where v{ G V{. Relation (17351) implies that u 3 ' k ~ 3 \z) <g> v{ G |J Ker(A - A - k) m and 

m=0 

d(a> fc - J '(z) ® v{) = 0. 

Standard arguments with the Laplace operator say the following. Let an element x be 
such that dx = and let x belong to a finite-dimensional generalized eigenspace of the 
Laplace operator A = dd* + d*d with eigenvalue /i 7^ 0. Then a; can be presented as the 
boundary 
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which is a finite sum. This implies that for any j = 0,...,N, k > 1, and eigenvalue A of 
the operator A°^\yj, we have 



(7.55) 



® t* = *r ( —J^ ^+ 



® (A (0) - A - k) 2 v j 



(x + ky 



The sum in (I7.55P is finite and the number of terms does not depend on k. The substitution 
of (17.551) to (17.541) and then to (IT.52j) gives the presentation of the element y as the 
boundary of a convergent series of homogeneous elements. Convergence follows from 
the structure of (17.551) . This proves that the subcomplex TQV 1 C TQV is acyclic and 
the complex TQV is quasi-isomorphic to the quotient complex TQV /TQV 1 , which is 
isomorphic to the quiver complex C+(V)[iV]. This proves Theorem 15.61 □ 

7.12. Proof of Theorem 16.61 The proof of Theorem 16.61 repeats the arguments of the 
proof of Theorem 15.61 For the construction of the corresponding Laplace operator we 
use the symmetric bilinear form on X, invariant with respect to the G-action. Such a 
form exists, since G is finite. Then the Laplace operator commutes with the G-action and 
establishes a quasi-isomorphism of G -invariants of the complexes. □ 
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